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Abstract

In this paper, we consider Keller-Segel chemotaxis coupled with
the Navier-Stokes in three-dimensional. mechanism involving a
diffusive partial differential equation. Which describes the
dynamics of oxygen diffusion and consumption, chemotaxis, and
viscous incompressible fluids. The cells and chemical substances
are transported by a viscous incompressible fluid under the
influence of a force due to the aggregation of cells. We use the
energy method to prove the existence of local solutions in bounded
domains of R3 for small initial.
Keywords: Chemotaxis system, Energy method, nonlinear
diffusion.
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1.1 Introduction.
In this paper, we consider the following couple system of the
Keller-Segel type incompressible equations:

0w + u.Vw = —xV.(wVc¢) + D,,Aw
d;c + we +u.Vec = eAc
Jiu+u.Vu+Vp+ wVep = DAu
Vu=0 t>0, x €R3.

(1.1)

With initial data
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(Wr c, u)|t=0 = (Wo(X),Co(X),uO(X)), RS! (12)

where(wg (x), ¢ (), up(x)) = (W, 0,0) as |x| & 0. Where w =
w(t,x),c = c(t,x),and u = u(t,x) denote the bacterial or calls
density, the oxygen concentration, and the fluid velocity
respectively. In addition, p = p(t, x) is unknown pressure and ¢ is
the gravitational potential function. The term —xV. (wVc) reflects
the attractive movement of cells. While wy = wq(x), ¢ = ¢y (x), and
Uy = uy(x), are the given functions, the constants y > 0, x > 0.
Where n,, is a non-negative constant. A simple model case can be
obtained upon the choices Vo = const., x = 1. The nonnegative
constants D, , € and D are calls diffusion rates. The equation V.u =
0, represents the condition of the incompressibility of the fluid, First
two equations in system (1.1) describe the chemical movement of
bacterial towards a higher concentration of oxygen to survive, where
both bacteria and oxygen diffuse and are convicted with the fluid.
The third equations in (1.1) are the Navier-Stokes equations, which
describe the evolution of incompressible viscous fluids. With an
additional term wV¢ corresponding to the gravity force effect of
bacterial calls on the fluid. Before going into further discussion of
the chemotaxis fluid models, we would like to mention that the
classical model for describing cell motion was proposed by Keller
and Segel ([9], [10]). They derived a chemotaxis model that
describes the directed movement of cells in response to specific
chemicals in their environments. which play an essential role in
various biological processes such as wound healing, cancer
invasion, and predator avoidance. This model has received
considerable attention due to its critical role in a wide range of
biological phenomena. Their classical model describes this
phenomenon through the following system of partial differential
equations:

{ ur = k;Au— V. (ux(w)Vw) x € Q,t >0,

we = k,Aw — aw + fu x€Q,t>0, (13)
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where u(x, t)and w(x,t) represents the density of the bacteria and
oxygen concentration, k4, k, are the diffusion coefficients for cells and
chemical respectively, y quantifies the chemotactic sensitivity,
while a and S represent the production and degradation rates of the
chemoattractant. Analytic and numerical of Keller-Segel models with
logistic source have been studied in the past few decades. The classical
Keller-Segel model with logistic source of the form

{ut=Au—xv.(qu) +f(u) xeQt>0, (1.4)
ve=Av—v+u x€Nt>0, '
has been extensively studied in various contexts. Li X. [11] established
global boundedness of classical solutions in whole space (R", n > 1)
for nonnegative initial data, with particular emphasis on long-time
behavior. Tuval et al. [16] conducted a detailed experimental and
theoretical study on the interaction of bacterial chemotaxis, chemical
diffusion, and fluid convection, the main responsible mechanisms are
the chemical movement of bacteria towards the oxygen they consume
and the effect of gravity on the movement of the fluid by heavier
bacteria, and the thermal transport of both cells and oxygen through the
fluid. In particular, by placing a water droplet containing Bacillus
subtilis in a chamber with its upper surface open to the atmosphere,
they observed that bacterial cells quickly get densely packed in a
relatively thin liquid layer below the water-air interface through which
the oxygen diffuses into the water droplet. For such processes, there is
a mathematical system:

ny +u.Vn = V.(D(n)Vn) — V. (nS(x,n, c)Vc), x€Qt>0,

¢ +u.Ve = Ac — nf(c), xX€eENt>0,

u; + k(u.Vu)u + Vp = Au + nVe, xXeENt>0,
Vu=0, x€et>0, (1.5)

in a bounded domain Q c R3 with a smooth boundary, where
f(c) is the rate of oxygen consumption, k measures the rate at
which cells consume oxygen, and S(x, n, c)denotes a tensor-valued
(or scalar) chemotactic sensitivity. Here n,u,p,¢,and k € R
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denotes the bacteria density, the associated pressure of the fluid, the
potential of the gravitational field, and the strength of nonlinear fluid
convection, respectively. From the maximum principle of the
parabolic equations, one can directly deduce that c is uniformly
bounded from the second equation of (1.5). A lot of important
progress has been made on the classical chemotaxis-Navier-Stokes
equations, for which we refer to ([1],[2],[3]). Chunhua Jin [8]
discussed the existence of global classical solution for the
chemotaxis-Stokes system in a bounded domain in R3. Zheng [19]
proved the system (1.6) has global existence of weak solutions.
Winkler [17] showed that there exists at least one global weak
solution in three-dimensional case. Lorz [13] shown the global
existence of the solution for the small initial data and blow-up delay.
Moreover, by constructing some proper free energy functional and
deriving some uniform a priori estimates. Duan et al. [4] studied the
global existence and decay rates of classical solutions over R3,
provided that the initial datum (ng,cq, ug) is a small smooth
perturbation of the constant state (n.,0,0) with n, = 0in
H3(R?). Hattori and Lagha ([6], [7]) showed the global existence
and asymptotic behavior of the solutions for a chemotaxis system
with chemoattractant and repellent in three dimensions. For more
literature, one can refer to ([12],[14],[15],[18],[20]).

This paper is organized as follows, the first section is this
introduction, which describes of some of the models used in
chemotaxis, their rationale, and a very brief summary of the results
obtained. In Section 2, we present notations and some assumptions
that will be heavily used throughout the whole paper and state our
main result. In Section 3, we prove the local-in-time existence of a
regular solution for three-dimensional chemotaxis system with
incompressible Navier-Stokes equations.

2. Preliminaries and Main result.

We first introduce some notations and useful inequalities that we
. . . a a a 3
will use later in this paper. We set 0% = 0, '0,20,* for a multi-
index @ = [@, @z, @3] and lengthof ¢ is |.| = a3 + @, + a5. Cand
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C;, where i = 1,2, denote some positive (generally small) constant,
where both C and C; may take different values in different places.
For an integrable function f: R® — R, let us denote the space

X(0,T)
B {(w — We, ¢, u) € C([0, T]; H3(R®)) n C*([0, T]; HI(R3)),}
- V(W — W), Ve, Vu € L2([0, T]; H3(R?))

Definition 2.1 [5]
For 1 <p < oo, the space LP(Q)) consists of the Lebesgue
measurable functions f: (0 = R such that

flf(x)lpdx < 00,
Q

and L™ (Q) consists of the essentially bounded function.
These spaces are Banach spaces with respect to the norms

Il = <f |f )P dx >z" Iflleo = suplf]
Q

X€Q
where sup denotes the essential supremum,

sup|f| =inf {M >0 : |f|] <M almost evrywhere in Q}.
XEQ

Definition 2.2 [5]
The Sobolev space WP (U) consists of all summable functions

u: U - R such that for each multi-index a with |a| < k, D*u exists
in the weak sense and belongs to LP (U).

Definition 2.3 [5].

If u € WNP(U), we define its norm to be

P
Zle“qudx 1<p<ox
laj=k ~ Y

ess sup|D%u| p = oo,

el oy =

|a|<k
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The Sobolev space WY2(R3) is denoted as HY. When N = 0, the
norms in the space L?(R%) are denoted by ||-||. We will denote |||y
is the HN norm.

Lemma 2.1 (Cauchy’s inequality with €) [5]

Let a, b are any real numbers. Then
2

b
abSea2+E (a>0,b>0,e>0).

Lemma 2.2 (Holder’s inequality) [5]

Assume 1 < p,q < oo, % + ; = 1. Ifue LP(Q), then we have

j luvldx | < llull s IV Lacay.
Q

Lemma 2.3 (Gronwall's inequality differential) [5]

Let f(t) be a nonnegative, absolutely continuous function on [0, T],
which satisfies the differential inequality

') < g®)f () + k(t), where g(t) and k(t), are nonnegative,
summable functions on [0, T]. Then we have

f(t) < eh9OU[£(0) + [Fk(s)ds] forall0<t<T.

The main goal of this paper is to establish the existence of unique
local solutions in three dimensions around a constant state (W, 0, 0)
for the above system (1.1). The main result of this paper is stated as
follows:

Theorem 2.1. There exists a positive number g, such that if

| (wo, co, uo) llg3 < o,
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then the Cauchy problems (1.1)-(1.2) of the Keller-Segel system
admits a unique local solution (w, ¢, u) with

(W — Wwq, c,u) € X(0,T).

The proof of the existence of local solutions in Theorem 2.2 by
constructing a sequence of approximation functions based on
iteration and some basic energy estimates. Let (w, ¢, u) be a smooth
solution to the Cauchy problem of the Chemotaxis system (1.1) with
initial data U, = (wy, ¢g, Up). We introduce the transformation:

w(t,x) = we + a(t, x).
Then, the Cauchy problem (1.1) and (1.2) are reformulated as
d;0 +u.Vc + V.(aVc) + w,,V.(Vc) = D,,Ac
di;c +u.Ve + oc + wec = €Ve

diu+u.Vu+Vp + 0oV = DAu 2.1
Vu=0 t>0, x € R3,

with initial data
(0, ¢,W)t=0 = (09, co, Up) = (0,0,0) as |x| — oo, (2.2)
where 0y = wy — We.
3. Existence of local solutions.
This section is devoted to the proof of Theorem 2.1. We construct

the sequence (aj,cj,uj)jzo by solving iteratively the Cauchy
problems on the following linear equations
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9,07%t + w . VoIt — D, AcTtt = —V. (VI ) — we, A/t
0,c7 + u VeI + weo o/t — gAY = —¢f IHT
Ou/tt +u) VT + Vp/ Tt — DAWT = —6) Vo

V.u/tt=0 t>0, x€R3, (3.1)

with initial data

(a7*, T W) =g = (05, €, Uo) — (0,0,0),
(3.2)

as [x| > oo, for j=>0. In what follows, let us write Al =
(CZARRTZAs c1+1)j>0and A, = (09, Ug, Co), where A® =

(0,0,0). Next, we prove that (Aj)jzo is a Cauchy sequence in the
Banach space C([0,T;];H3) for T; > 0 suitable small. At last, by
taking the limit and continuous argument, we prove that (o,u, c) is
a local solution to (2.1)-(2.2). Now, we will need to prove the
following result:

Theorem 3.1.
Suppose ||Ag|lyz < &, for small constants &g >0, T; > 0,B; >
0. Then for each j > 0, A) € C([0,T,)]; H®), is well defined and

sup |[AVO]|,;s < By (3.3)
0<t<T,

Moreover, (Aj)jzo 1s a Cauchy sequence in Banach space C([0, T, ];
H3), the corresponding limit function denoted by A belongs to
C([0, T,]; H?) with

sup 1AM Ilyz <B4, (3.4)

0<t<T,
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and A =( g,u,c) is a solution to the Cauchy problem (2.1)-(2.2) over
[0, T;]. The Cauchy problem (2.1)-(2.2) admits at most one solution
A€ C([0, T,]; H3), which satisfies (3.4).

Proof. We begin by focusing our attention on the proof of (3.3),
which will be given by an inductive argument. The trivial case is j =
0 since A° = (10,0,0) by the assumption at initial step. Suppose that
(3.3) holds for some j= 0 where is small enough. To prove (3.3) holds
for j+1, we need some energy estimates on (¢/*1, c/*1,u/*1). Apply
0% to both sides of the first equation of (3.1), multiply that equation
by 0%0*1, and integrate over R3 with |a| < 3, we obtain

f 0%t 9%9,07 1 dx + f 0%(W.Vol*t) 9%eitt dx
R3 R3
-D, f@“cj“ 9% Ao/t dx
R3
=— jOO‘V. (6lVdt1) 9%t dx

R3

—We, J@“ch” 0%ol*1dx.

R3

We use integration by parts, we get
1d . .
73 f|6°‘0’+1|2 dx + D, f|6“V6]+1|2 dx
R3 R3
= — jaa(ui.v&“) 0%+ dx
]R3

+ f@“(ochj“) 0% Vot dx
]R3 - .
+Weo [ 0¥V *1 4V dx. (3.5)
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By taking the summation over |a| < 3 and using Lemma 2.1, we
obtain

d . 2 : 2
2l s + o llvo™
< ¢[|ver |l + cllwh oDl 19(o™ e+ )]l

+ ||| (3.6)

Similarly, applying 0“ to the second equation of (3.1), multiplying
it by 3%c)*? and taking integrations in X, we obtain

f 9%t 9%9,c/* dx + f 9%t 9% (u!. v/t h)dx
R3 R3
+Weo f 9%t 9%/t dx — ¢ f %It 9% (Ac/t)dx
R3 R3

= — jaaci“ 0%(o/ c/*1) dx.
IR3

After taking the summation over |a| < 3 and using integration by
parts, we obtain

1d

S j|aaci+1|2dx+s f|V6°‘cj+1|2dx
2dt ) J

+ W, f|6°‘ci+1|2dx
]R3

=— j@“(uj.ch+1) 0%cit1dx — Ja"‘(ajcj“) 0%cit1dx .
R3 R3
After using Lemma 2.1, we have
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1d, . |
s llo* e + Callve I, + calld* 1,

< |, )| Va2, (3.7)

In a similar way as above, we can estimate wW*! as

f FUu*1 9%(9u/*1)dx + j 5%(Vp/*1). 9%u*1dx
R3 R3

-D j 0%(Auw/*t). 9%uitdx
R3
= - j 0%(w. vuitt). 9%t dx — J 0%(c'Vep). 9%t dx.
R3 R3
By using integration by parts, we have

1d .
= f |9%u1 2 + D f v 9%u+1 2dx
R3 R3

=— f@“(uj.Vuj+1).6“uj+1dx+ f@“(cj(p).E)“Vuj“dx.
R3 R3

Then, we take summation over |a| < 3 and we use Lemma 2.1, one
has

1d , . .
s s+ vl

< C o]l + Cllwl [ 1702 s (38)
By combining (3.6), (3.7) and (3.8) we get

1d | |
st (o™ s + el + {15
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+C1||V(0.j+1’ i+l ’uj+1)”;3 n C2”0.j+1’ Cj+1||;3
< c||o|, +cllo, ||, [V, o w1, (3.9)

Then, after integrating (3.9) over [0, t] for all t €[0, T, ], we have
t

[0 @1 + ¢, [7am ©)]as
¢ 0
+ G, f o1, 1|, ds
0
t
< CllAollZ: + cf||Ai(s)||;3ds
0
t
e f |G| [7ari ()] s, (3.10)
0

for some positive constants C; and C,. From the inductive
assumption, the previous inequality can be re-estimated as

t t
6Ol + € [ I7A ) fads + € [flo, 07 s
0 0
< Ce? + CB2T, + CB [ VA1 (s)||%.,ds, G.11)

for any 0< t < T;. Now, we take the small constants & > 0, B; >
0and T; > 0. Then, we get

(47 @l + VA Ol + Collo™ Sl < BE - G12)

for any 0 < t < T,. This implies that (3.3) holds for j + 1, hence
(3.3) is proved for all j = 0.
Next, we define
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EW* () = o[ + [l 15 + ol
Similar to prove (3.10), we have

[EQA* (D) — E@WH (s)] =
<C[A@];,dv+
CLA+[A@|DVA @ dt +C, [0, 1|7 dr <
CB,2(t—s) + C(1 + B,2) [[|[VA* (D), dr +
C, [0t a7 dr, (3.13)

[FSE@* (1) dr |

for any 0 <s <t < T,. Here, the time integral on the right-hand
side from the above inequality is bounded by (3.12), and hence
E(A'*1(t)) is Continuous in t for each j> 0. By the same argument,

we can infer that both ||Cj+1||]2_13;

From the continuity of E (AJ*1(t)),we can also infer the

continuity of ||o/*? ”:3 Therefore,

and ||uj+1||;3 are continuous in t.

||Aj+1(t)||i3 is continuous in time for j > 1.

For this step, we prove that the sequence (Aj)],>0is a Cauchy
sequence in the Banach space C([0, T;]; H®), which converges to the
solution A = (o,u,c) of the Cauchy problem (2.1)-(2.2), and
satisfies (3.4). Let us take the difference of (3.1) for j + 1 and j so
that it gives

0:(0*! — 0)) — D, A('*! — 0)) = —u. V(0! — 6) — (W — u1). Vo
—V. (O'jV(Cj+1 - cj)) —V.((6 = 0™HYVI) — we(A(JH — )

A (It = ) — eA(IHE — ) + W, (I = )

) =—uw. V(" =) — (W —u ™). Vd — (! = ) — (6 — dV)d],
0, (Wt —u) — DA(WM —u) = —V(pitt —p)
—wW. VWt —u) — (W — ™).V — (6 — I HVe
V.(W*'=u)=0, t>0,xeR3. (3.14)
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By using the same energy estimates as before, we have

2

3ol =0l +, Vo o]l

< cf|(w “u- Lol = o )|V, D)l
+ | w7, [Vt - o, et

- c1)||H3+woo||V(cJ+1 — |’ (3.15)

H3’

L@ -al + Gl - o,

. . . 2
+ey v = e, = cll@u|l v — el

+C v — oL u — w5, [V, (3.16)
and
. . 2 . . 02
Zal @ =l + GV -,
< clluifls IV = wh]lL, + cllw — w15 v,
+C o — oI (3.17)

We combine the equations (3.15),(3.16) and (3.17) to obtain

1d
2dt - L
+C, || - c’)”H3 + Gy (o) - cs"l)”H3
< cl|Al]| G llveart - ab|lL,
+ C||a)
— A7, VAl (3.18)

—E(A — A)) + Cy[[vartt — A7,

By integrating over [0, t] for any 0 < t < T; from (3.18), we have
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t
, . 2 . :
l@© -4 5+ f [V (s) = (s
; 0
+C, [l = lluds
0

t
+e, f (o = o7 .ds

0 . .
< C(1+ BTy sup [|(A/(®) =4 @),,s

0<t<T,
t
+ CB,? j||V(Aj+1(s) - Aj(s))”;ds,
0

which by smallness of B; and T; implies that there exists a constant
0€(0,1), such that for any j > 1

swp (A O ~A©),2 <6 suwp [(A(©) — 42D ..
0<tsT; 0<ts<T;

It can be seen from the above inequality that (Aj)jzo is a Cauchy
sequence in the Banach space C([0, T,]; H3(R®)). Thus the limit
function

iooo

i
A=A"+lim Z(Aj+1 —A)
j=0

exists in C([0, T;]; H3(R?)), and satisfies

Sup ||A(t)”1-13 < Sup lim inf ”Aj(t)”Hs SBl- (3-19)
0<ts<T, ostsT,/ 7%

Finally, we show that the Cauchy problem (2.1)-(2.2) admits at most
one solution in C([0, T;]; H3(R3)). Suppose that there exist two
solutions 4, A in C([0, T,]; H3(R?)) which satisfy (3.4). Let
6 =o0.(x,t) —o,(x,t), 1 =u(x,t) —u,(x,t), and
c1(x,t) — cy(x, t) solves
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0,5 + wV. (V&) — D, AG = —w,. VE — L.V, — V. (0, VE) — V. (6Vcy)
0,5 — DAL — VP = —w,V @i — V- uy — V¢
até — eAC + Wooé = —u1V ¢ —1U. VCZ - 5-(:2 - 0-16. (320)

Multiplying & to both sides of the first equation of (3.20) and
integrating over R3, we have

.6 0,6dx+We, [5G V.(VE) dx — D, [, & AGdx
R R R

= —f V. (5Vc1)dx—f V. (0,V¢)dx
R3 R3

- f 0 (uy.Vé)dx — f o (t.Vcy)dx.
R3 R3
Then, after using integration by parts and Lemma 2.1, we obtain

d_, i i
S 161% + o 5112 +D, V5112

< ClVelle | (1612 +1V6]?)dx
R3

+ Cllozlie | (1V6]? +|VE?)dx

]R?’
+ Clluglly= | (1617 + [Vel*)dx
]R?’
+ClIVeyllpeo foa (1617 + |E@]*)dx . (3.21)

Multiplying @ to both sides of the second equation of (2.1) and
taking integrations in x, we obtain

L 00,0dx — [, AMidx — [, & Vpdx =
R R R

—f ﬁ.(ﬁV-ul)dx—f 1 .(uZV-ﬁ)dx—f i.(6Vp)dx.
R3 R3

R3
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By using integration by parts and Lemma 2.1, we get
d ~ 112 ~ 112 ~112
> 1allze + DIVl < CIV - ug ll o T2

+Cllug o (IEN 2+ V. 8l 72) + ClVell e (1Ell72 + 1161172).

Since L” norms of g*,u', and c* where 1= 1, 2 are bounded, we have

4

—llallfz + C11IVall 2 < CllGIIE + Cllal . (3.22)

Similarly, we estimate ¢ as follows:
d 2 112 112
7 €l + CullVellz + Collcll
< c(llellz. + 161172 + Nlgll72). (3.23)

After taking the linear combination of (3.21),(3.22), and (3.23), we
obtain

m(llﬂlfz + 1@z + lell) + C2 (61 + llellz2)

+ C(IVElIZ+IVEll% + [IVéllZ)
< C(II611% + l1&llZ + l1éll%). (3.24)

By applying Lemma 2.3, to the above equation, we have

sup (NGI7 + 1Tz + llellfz)

0<t<T;
< e (IGO)1I% + I1E(0)1% + 12(0)1%).

Since the initial data of (6, i ,¢ ) are all zero for T > 0, that implies
the uniqueness of the local solution.
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Conclusion

In this paper, we proved the existence of local solutions for
chemotaxis- fluid equations with chemotactic sensitivity and
diffusion, which described modeling cellular swimming in fluid
drops in three dimensions. We obtained the local existence and
uniqueness of convergence on classical solutions near constant
states by the energy method.
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    w 0


    w 0  ( x )


    c 0


    c 0  ( x )


    u 0


    u 0  ( x )
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  c  


   ℝ 3
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    n ∞ ,   0 ,   0
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    H 3


   ℝ 3
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                                                    = −     ∫   ℝ 3   ∂ α  (  u j . ∇  σ  j + 1 )  ∂ α  σ  j + 1 dx +   ∫   ℝ 3   ∂ α  (  σ j ∇  c  j + 1 )  ∂ α ∇  σ  j + 1 dx


                                                    = −     ∫   ℝ 3   ∂ α  (  u j . ∇  σ  j + 1 )  ∂ α  σ  j + 1 dx +   ∫   ℝ 3   ∂ α  (  σ j ∇  c  j + 1 )  ∂ α ∇  σ  j + 1 dx


                                                                                          +  w ∞   ∫   ℝ 3   ∂ α ∇  σ  j + 1  ∂ α ∇  c  j + 1 dx .


   | 𝛼 | ≤ 3  


                                 1 2  d dt    ‖  σ  j + 1 ‖   H 3 2 +  C 1      ‖ ∇  σ  j + 1 ‖   H 3 2


                                  ≤ C    ‖ ∇  c  j + 1 ‖   H 3 2 +     C    ‖   (  u j , σ j ) ‖   H 3 2      ‖ ∇  (  σ  j + 1 ,  c  j + 1 ) ‖   H 3 2 + C    ‖  σ j ‖   H 3 2 .                                                                                                                                                                                                         ( 3 . 6 )


   ∂ α


   ∂ α  c  j + 1


  x


    ∫   ℝ 3     ∂ α  c  j + 1 ∂ α   𝜕  t   c  j + 1 dx +   ∫   ℝ 3   ∂ α  c  j + 1  ∂ α   (   u  j . ∇   c  j + 1 ) dx


  +   w ∞   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α   c  j + 1 dx − ε   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α ( ∆   c  j + 1 ) dx


  +   w ∞   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α   c  j + 1 dx − ε   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α ( ∆   c  j + 1 ) dx


  = −   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α  (   𝜎  j     c  j + 1 ) dx .          


  = −   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α  (   𝜎  j     c  j + 1 ) dx .          


   | 𝛼 | ≤ 3  


   1 2  d dt     ∫   ℝ 3     |  ∂ α  c  j + 1 | 2 dx + ε     ∫   ℝ 3     |   ∇ ∂ α  c  j + 1 | 2 dx +   w ∞     ∫   ℝ 3     |  ∂ α  c  j + 1 | 2 dx                                                                


  = −   ∫   ℝ 3   ∂ α (  u j . ∇  c  j + 1   ) ∂ α  c  j + 1 dx −   ∫   ℝ 3   ∂ α  (   𝜎  j  c  j + 1 )  ∂ α  c  j + 1 dx   .  


  = −   ∫   ℝ 3   ∂ α (  u j . ∇  c  j + 1   ) ∂ α  c  j + 1 dx −   ∫   ℝ 3   ∂ α  (   𝜎  j  c  j + 1 )  ∂ α  c  j + 1 dx   .  


   1 2  d dt    ‖  c  j + 1 ‖   H 3 2 +    C 1    ‖ ∇  c  j + 1 ‖   H 3 2 +  C 2    ‖  c  j + 1 ‖   H 3 2 ≤ C    ‖   (  u j , σ j ) ‖   H 3 2    ‖ ∇  c  j + 1 ‖   H 3 2   .                                               ( 3 . 7 )


   u  j + 1


    ∫   ℝ 3   ∂ α  u  j + 1  ∂ α  (   𝜕  t   u  j + 1 ) dx     +   ∫   ℝ 3   ∂ α  ( ∇   p  j + 1 ) .  ∂ α  u  j + 1 dx − D   ∫   ℝ 3      ∂ α  ( ∆   u  j + 1 ) .  ∂ α  u  j + 1 dx


  = −   ∫   ℝ 3   ∂ α  (  u j . ∇  u  j + 1 ) .  ∂ α  u  j + 1 dx −   ∫   ℝ 3   ∂ α  (  σ j ∇ φ ) .  ∂ α  u  j + 1 dx .


   1 2  d dt   ∫   ℝ 3     |  ∂ α  u  j + 1 | 2 dx + D   ∫   ℝ 3        |   ∇ ∂ α  u  j + 1 | 2 dx


                              = −   ∫   ℝ 3   ∂ α  (  u j . ∇  u  j + 1 ) .  ∂ α  u  j + 1 dx +   ∫   ℝ 3   ∂ α  (  σ j φ ) .  ∂ α ∇  u  j + 1 dx .


   | 𝛼 | ≤ 3  


   1 2  d dt      ‖  u  j + 1 ‖   H 3 2     +  C 1        ‖ ∇  u  j + 1 ‖   H 3 2 ≤ C      ‖  σ j ‖   H 3 2 + C    ‖  u j ‖   H 3 2    ‖ ∇  u  j + 1 ‖   H 3 2   .                                           ( 3 . 8 )


                       1 2  d dt   (    ‖  σ  j + 1 ‖   H 3 2 +      ‖  c  j + 1 ‖   H 3 2 +    ‖  u  j + 1 ‖   H 3 2 )


   C 1    ‖   ∇ ( σ  j + 1 ,    c  j + 1   ,  u  j + 1 ) ‖   H 3 2 +  C 2    ‖    σ  j + 1 , c  j + 1 ‖   H 3 2


                        ≤ C      ‖  σ j ‖   H 3 2 + C    ‖  σ j ,  c j ,  u j ‖   H 3 2    ‖   ∇ ( σ  j + 1 ,    c  j + 1   ,  u  j + 1 ) ‖   H 3 2 .


  [ 0 , t ]  


    ∈


      T 1 ] ,  


                                                 ‖  A  j + 1 ( t ) ‖   H 3 2 +  C 1   ∫ 0 t     ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 ds     ≤       C      ‖  A 0 ‖   H 3 2 + C   ∫ 0 t     ‖  A j  ( s ) ‖   H 3 2 ds       + C   ∫ 0 t     ‖  A j  ( s ) ‖   H 3 2    ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds ,                                           ( 3 . 10 )


      C 1   a n d    C 2 .


     ‖  A  j + 1 ( t ) ‖   H 3 2 +  C 1   ∫ 0 t     ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 ds              


                          ≤ C   𝜀 1 2 + C   B 1 2  T 1 + C   B 1 2   ∫ 0 t     ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds   ,  


  ≤ t ≤  T 1 .


      𝜀 1 > 0


   B 1 > 0   and    T 1 > 0 .


     ‖  A  j + 1 ( t ) ‖   H 3 2 +  C 1    ‖   ∇ A  j + 1 ( t ) ‖   H 3 2 +  C 2    ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 ≤   B 1 2 ,


    ≤ t ≤  T 1


  j + 1


  j   ≥ 0 .


    ( A  j + 1 ( t ) ) ≔    ‖  σ  j + 1 ‖   H 3 2 +      ‖  c  j + 1 ‖   H 3 2 +    ‖  u  j + 1 ‖   H 3 2 .


   | E   ( A  j + 1 ( t ) ) − E   ( A  j + 1 ( s ) ) | =  |   ∫ s t   d  d τ   E   ( A  j + 1 ( τ ) )   d τ   |


                                                        ≤ C   ∫ s t     ‖  A j  ( τ ) ‖   H 3 2 d τ + C   ∫ s t  ( 1 +    ‖  A j  ( τ ) ‖   H 3 2 )    ‖   ∇ A  j + 1  ( τ ) ‖   H 3 2 d τ +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 d τ ≤   C    B 1 2  ( t − s ) + C  ( 1 +    B 1 2 )   ∫ s t     ‖   ∇ A  j + 1  ( τ ) ‖   H 3 2 d τ +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 d τ ,                                                                                                                                            


  0 ≤ s ≤ t ≤  T 1 .


    E ( A  j + 1 ( t ) )  


  t


  ≥ 0 .  


       ‖  c  j + 1 ‖   H 3 2 ,   and      ‖  u  j + 1 ‖   H 3 2


  t .


    From   the   continuity   of   E     ( A  j + 1 ( t ) ) ,  


         ‖  σ  j + 1 ‖   H 3 2 .


     ‖  A  j + 1 ( t ) ‖   H 3 2   is   continuous   in  


    ≥ 1


     (  A j )  j ≥ 0


  C  (  [ 0 ,  T 1 ] ;  H 3 )


  A =  ( 𝜎 , u , c )


  j + 1


  j  


   {     ∂ t  (  σ  j + 1 −  σ j ) −  D w ∆   ( σ  j + 1 −  σ j ) = −  u j . ∇ (  σ  j + 1 −  σ j ) − (  u j −  u  j − 1 ) .   ∇  σ j   − ∇ .  (  σ j ∇  (  c  j + 1 −  c j ) ) − ∇ .  ( (  σ j −  σ  j − 1 ) ∇  c j )     −   w ∞  ( ∆ (  c  j + 1 −  c j ) )                               ∂ t  (  c  j + 1 −  c j ) − ε ∆   ( c  j + 1 −  c j ) +   w ∞ (  c  j + 1 −  c j )                                                                                                 = −  u j . ∇  (  c  j + 1 −  c j ) −  (  u j −  u  j − 1 ) . ∇  c j −  σ j  (  c  j + 1 −  c j ) −  (  σ j −  σ  j − 1 )  c j ,    ∂ t  (  u  j + 1 −  u j ) − D ∆  (  u  j + 1 −  u j )     =   − ∇  (   p  j + 1 −   p j )                                                                                 −  u j . ∇  (  u  j + 1 −  u j ) −  (  u j −  u  j − 1 ) . ∇  u j −   ( σ j −  σ  j − 1 ) ∇ φ                                                                           ∇ .  (  u  j + 1 −  u j ) = 0 ,                 t > 0 , x ∈  ℝ 3   .                                                                                                     ( 3 . 14 )                                                                              


                           1 2  d dt  ‖   ( σ  j + 1 −  σ j ) ‖   H 3 2   +  C 1  ‖   ∇ ( σ  j + 1 −  σ j ) ‖   H 3 2 ≤ C    ‖  (  u j −  u  j − 1 ,  σ j −  σ  j − 1 ) ‖   H 3 2    ‖   ∇ ( σ j ,  c j ) ‖   H 3 2         + C    ‖   ( σ j ,   u j ) ‖   H 3 2    ‖     ∇ ( σ  j + 1 −  σ j , c  j + 1 −  c j ) ‖   H 3 2   + w ∞    ‖   ∇ ( c  j + 1 −  c j ) ‖   H 3 2 ,                                         ( 3 . 15 )      


                               1 2  d dt  ‖   ( c  j + 1 −  c j ) ‖   H 3 2 +    C 2    ‖   ( c  j + 1 −  c j ) ‖   H 3 2


                          +  C 1    ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2 ≤   C    ‖   ( σ j ,   u j ) ‖   H 3 2  ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2


                          +  C 1    ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2 ≤   C    ‖   ( σ j ,   u j ) ‖   H 3 2  ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2


     ‖     ∇ ( σ j −  σ  j − 1 , u j −  u  j − 1 ) ‖   H 3 2      ‖   ∇ c j ‖   H 3 2   ,                                                            ( 3 . 16 )


     1 2  d dt  ‖   ( u  j + 1 −  u j ) ‖   H 3 2 +  C 1    ‖ ∇   ( u  j + 1 −  u j ) ‖   H 3 2                  


                          ≤ C    ‖  u j ‖   H 3 2      ‖ ∇   ( u  j + 1 −  u j ) ‖   H 3 2 + C    ‖   ( u j −  u  j − 1 ) ‖   H 3 2        ‖   ∇ u j ‖   H 3 2


                          ≤ C    ‖  u j ‖   H 3 2      ‖ ∇   ( u  j + 1 −  u j ) ‖   H 3 2 + C    ‖   ( u j −  u  j − 1 ) ‖   H 3 2        ‖   ∇ u j ‖   H 3 2


  + C      ‖  σ j −  σ  j − 1 ‖   H 3 2 .                                    


                                               1 2  d  dt   E  (  A  j + 1 −  A j ) +  C 1    ‖   ∇ ( A  j + 1 −  A j ) ‖   H 3 2 +  C 2        ‖   ( c  j + 1 −  c j ) ‖   H 3 2 +  C 2    ‖   ( σ j −  σ  j − 1 ) ‖   H 3 2 ≤ C    ‖  A j ‖   H 3 2    ‖   ∇ ( A  j + 1 −  A j ) ‖   H 3 2 + C    ‖  A j −  A  j − 1 ‖   H 3 2        ‖   ∇ A j ‖   H 3 2 .                                                                                       ( 3 . 18 )


  [ 0 , t ]  


  ≤ t ≤  T 1


     ‖ (   A  j + 1 ( t ) −   A  j ( t ) ‖  2    H 3 + C 1   ∫ 0  t     ‖   ∇ ( A  j + 1 ( s ) −  A j ( s ) ) ‖   H 3 2 d s +   C 2   ∫ 0  t     ‖   ( c  j + 1 −  c j ) ‖   H 3 2 d s +   C 2   ∫ 0  t     ‖   ( σ  j + 1 −  σ j ) ‖   H 3 2 d s   ≤   C  ( 1 +     B 1 2 )   T 1    ‖ (   A  j ( t ) −   A  j − 1 ( t ) ‖    H  3         Sup   0 ≤ t ≤  T 1   + C     B 1 2     ∫ 0  t     ‖   ∇ ( A  j + 1 ( s ) −  A j ( s ) ) ‖   H 3 2 d s ,


   B 1   and    T  1  


  exists  


  𝜃 𝜖  ( 0 , 1 ) ,  


    ≥ 1


       ‖ (   A  j + 1 ( t ) −   A  j ( t ) ‖    H  3   ≤      Sup   0 ≤ t ≤  T 1   𝜃    ‖ (   A  j ( t ) −   A  j − 1 ( t ) ‖    H  3         Sup   0 ≤ t ≤  T 1   .


      (  A j )  j ≥ 0


  C  (  [ 0 ,  T 1 ] ;  H 3  (  ℝ 3   ) ) .  


    A = A 0 +    lim  i → ∞ ⁡    ∑  j = 0  i   (  A  j + 1 −  A j )


   (  [ 0 ,  T 1 ] ;  H 3  (  ℝ 3   ) ) ,   and   satisfies      


       ‖ A  ( t ) ‖    H  3   ≤      Sup   0 ≤ t ≤  T 1        lim  j → ∞ ⁡    i n f      ‖   A  j  ( t ) ‖    H  3   ≤   B 1 .                                Sup   0 ≤ t ≤  T 1             ( 3 . 19 )      


   [ 0 ,  T 1 ] ;  H 3 (  ℝ 3 )


  A ,   A ~


   


   [ 0 ,  T 1 ] ;  H 3


   ℝ 3


    𝜎 ~ =   𝜎 1  ( x , t ) −   𝜎 2  ( x , t )


      u ~ =   u 1  ( x , t ) −   u 2  ( x , t )


    c ~ =   c 1  ( x , t ) −   c 2  ( x , t )


   {      𝜕  t   𝜎 ~ +   w ∞ ∇ .  ( 𝛻   c ~ ) −   D  w ∆   𝜎 ~ =   − u 1 . 𝛻   c ~ −   u . ~ 𝛻   c 2 − ∇ .  (   𝜎  2   𝛻   c ~ ) − ∇ .  (   𝜎 ~ 𝛻   c 1 )     𝜕  t   u ~ − D ∆   u ~ − 𝛻   p ~ = −     u 2 ∇ ∙   u ~   −   u ~ ∇ ∙   u 1   −   𝜎 ~ 𝛻 𝜑                                                                                           𝜕  t   c ~ − 𝜀 ∆   c ~ +   w ∞   c ~ = −   u 1 ∇ ∙   c ~   −   u . ~ ∇   c 2 −     𝜎 ~   c 2 −   𝜎 1   c ~ .                                           ( 3 . 20 )        


    𝜎 ~


   ℝ 3


                                                ∫   ℝ 3    𝜎 ~   𝜕  t   𝜎 ~ d x


    w ∞   ∫   ℝ 3    𝜎 ~   ∇ .  ( 𝛻   c ~ ) d x −   D  w   ∫   ℝ 3    𝜎 ~ ∆   𝜎 ~ d x


                          = −   ∫   ℝ 3    𝜎 ~ ∇ .  (   𝜎 ~ ∇   c 1 ) d x −   ∫   ℝ 3    𝜎 ~ ∇ .  (   𝜎 2 ∇   c ~ ) d x


                          −   ∫   ℝ 3    𝜎 ~     ( u 1 . 𝛻   c ~   ) d x −   ∫   ℝ 3    𝜎 ~   (   u ~ . 𝛻   c 2 ) d x .


    d  2   d t    ‖   𝜎 ~ ‖    L 2 2 +   w ∞    ‖   𝜎 ~ ‖    L 2 2   +   D  w  ‖ ∇   𝜎 ~ ‖    L 2 2 ≤     C    ‖   ∇ c 1 ‖    L ∞   ∫   ℝ 3   (    |   𝜎 ~ | 2 +    | ∇   𝜎 ~ | 2 ) d x       +     C    ‖   𝜎 2 ‖    L ∞   ∫   ℝ 3   (      | ∇   𝜎 ~ | 2 +    | ∇   c ~ | 2 ) d x +     C    ‖   u 1 ‖    L ∞   ∫   ℝ 3    (  |   𝜎 ~ | 2 +    | ∇   c ~ | 2 ) d x  


                                      + C    ‖ ∇   c 2 ‖    L ∞   ∫   ℝ 3   (      |   𝜎 ~ | 2 +    |   u ~ | 2 ) d x   .


    u ~


    ∫   ℝ 3    u ~   𝜕  t   u ~ d x −   ∫   ℝ 3    u ~ ∆   u ~ d x −   ∫   ℝ 3    u ~ 𝛻   p ~ d x =


  −   ∫   ℝ 3    u ~ .  (     u ~ 𝛻 ∙   u 1 ) d x −   ∫   ℝ 3    u ~   .  (   u 2 𝛻 ∙   u ~ ) d x −   ∫   ℝ 3    u ~ .  (   𝜎 ~ ∇ 𝜑 ) d x .


          d  2   d t    ‖   u ~ ‖    L 2 2 + D    ‖ ∇   u ~ ‖    L 2 2 ≤ C    ‖   ∇ ∙ u 1 ‖    L ∞    ‖   u ~ ‖    L 2 2


    C  ‖   u 2 ‖    L ∞ (    ‖   u ~ ‖    L 2 2


     ‖ 𝛻 .   u ~ ‖    L 2 2 ) + C    ‖ ∇ 𝜑 ‖    L ∞  (    ‖   u ~ ‖    L 2 2 +    ‖   𝜎 ~ ‖    L 2 2 ) .


    L ∞


    𝜎  i


    u  i ,


    c  i  


    d  2   d t    ‖   u ~ ‖    L 2 2 +  C 1    ‖ ∇   u ~ ‖    L 2 2 ≤ C    ‖   𝜎 ~ ‖    L 2 2 + C    ‖   u ~ ‖    L 2 2 .                                                            


    c ~


    d  2   d t    ‖   c ~ ‖    L 2 2 +  C 1    ‖ ∇   c ~ ‖    L 2 2 +  C 2    ‖   c ~ ‖    L 2 2 ≤ C  (    ‖   c ~ ‖    L 2 2 +    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 ) .                                                        ( 3 . 23 )


                                                d  2   d t  (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 ) +  C 2  (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 ) +       C 1  (    ‖ ∇   𝜎 ~ ‖    L 2 2   +  ‖ ∇   u ~ ‖    L 2 2 +    ‖ ∇   c ~ ‖    L 2 2 )                  


                                        ≤ C  (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 ) .                                                                 ( 3 . 24 )    


      (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 )      S u p   0 ≤ t ≤   T 1   ≤   e  c   T 1   (    ‖   𝜎 ~  ( 0 ) ‖    L 2 2 +    ‖   u ~  ( 0 ) ‖    L 2 2 +    ‖   c ~  ( 0 ) ‖    L 2 2 ) .


    𝜎 ~  


    u ~  


    c ~  

