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Abstract 

  In this paper, we consider Keller-Segel chemotaxis coupled with 

the Navier-Stokes in three-dimensional. mechanism involving a 

diffusive partial differential equation. Which describes the 

dynamics of oxygen diffusion and consumption, chemotaxis, and 

viscous incompressible fluids. The cells and chemical substances 

are transported by a viscous incompressible fluid under the 

influence of a force due to the aggregation of cells. We use the 

energy  method to prove the existence of local solutions in bounded 

domains of ℝ3 for small initial. 

Keywords: Chemotaxis system, Energy method, nonlinear 

diffusion. 
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المائع المقترنة مع  -وجود الحلول المحلية لمعادلات الانجذاب الكيميائي
 حساسية الانجذاب الكيميائي والانتشار 

 جميلة صالح عبريد 
 . ليبيا جامعة الزاوية، العلوم،قسم الرياضيات، كلية 

 عائشة المختار لاغة 
 . ليبيا جامعة الزاوية، العلوم،قسم الرياضيات، كلية 

 
 

 الملخص 
- سيجل للانجذاب الكيميائي المقترنة بمعادلات نافيير-في هذه الورقة، ندرس آلية كيلر 

ستوكس في ثلاثة أبعاد، وهي آلية تتضمن معادلة تفاضلية جزئية انتشارية. تصف هذه 
المعادلة ديناميكيات انتشار الأكسجين واستهلاكه، والانجذاب الكيميائي، والسوائل اللزجة  
قابل  غير  لزج  سائل  بواسطة  الكيميائية  والمواد  الخلايا  تنتقل  للانضغاط.  القابلة  غير 

ثير قوة ناتجة عن تجمع الخلايا. نستخدم طريقة الطاقة لإثبات وجود للانضغاط تحت تأ 
 .لقيم ابتدائية صغيرة ( ℝ3) حلول محلية في نطاقات محدودة من الفضاء ثلاثي الأبعاد

 المفتاحية: نظام الانجذاب الكيميائي، طريقة الطاقة، الانتشار غير الخطي  الكلمات
 

1.1 Introduction.  

    In this paper, we consider the following couple system of the 

Keller-Segel type incompressible equations:  
  

{

𝜕𝑡𝑤 + 𝑢. ∇𝑤 = −χ∇. (w∇𝑐) + 𝐷𝑤∆𝑤
𝜕𝑡𝑐 + 𝑤𝑐 + 𝑢. ∇𝑐 =  ε∆𝑐                      
𝜕𝑡𝑢 + 𝑢. ∇𝑢 + ∇𝑝 +  𝑤∇𝜑  = 𝐷∆𝑢   

∇. 𝑢 = 0            𝑡 > 0, 𝑥 ∈ ℝ3.          

                                               (1.1) 

 

With initial data 

http://www.doi.org/10.62341/istj-vol39-1-ja09
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(𝑤, 𝑐, 𝑢)|𝑡=0 = (𝑤0(𝑥), 𝑐0(𝑥), 𝑢0(𝑥)), ℝ
3,                                  (1.2) 

 

where(𝑤0(𝑥), 𝑐0(𝑥), 𝑢0(𝑥)) → (𝑤∞, 0,0) as |x| →  ∞. Where 𝑤 =

 𝑤(𝑡, 𝑥), 𝑐 =  𝑐(𝑡, 𝑥), 𝑎𝑛𝑑  𝑢 =  𝑢(𝑡, 𝑥) denote the bacterial or calls 

density, the oxygen concentration, and the fluid velocity 

respectively. In addition, 𝑝 =  𝑝(𝑡, 𝑥) is unknown pressure and 𝜑 is 

the gravitational potential function. The  term −χ∇. (w∇𝑐) reflects 

the attractive movement of cells. While 𝑤0 = 𝑤0(𝑥), 𝑐0 = 𝑐0(𝑥), and 

𝑢0 = 𝑢0(𝑥), are the given functions, the constants 𝛾 >  0, χ > 0. 

Where 𝑛∞ is a non-negative constant. A simple model case can be 

obtained upon the choices ∇𝜑 = 𝑐𝑜𝑛𝑠𝑡.,  χ = 1. The nonnegative 

constants  𝐷𝑤 , ε  and 𝐷 are calls diffusion rates. The equation ∇. 𝑢 =
0, represents the condition of the incompressibility of the fluid, First 

two equations in system (1.1) describe the chemical movement of 

bacterial towards a higher concentration of oxygen to survive, where 

both bacteria and oxygen diffuse and are convicted with the fluid. 

The third equations in (1.1) are the Navier-Stokes equations, which 

describe the evolution of incompressible viscous fluids. With an 

additional term 𝑤∇𝜑 corresponding to the gravity force effect of 

bacterial calls on the fluid. Before going into further discussion of 

the chemotaxis fluid models, we would like to mention that the 

classical model for describing cell motion was proposed by Keller 

and Segel ([9], [10]). They derived a chemotaxis model that 

describes the directed movement of cells in response to specific 

chemicals in their environments. which play an essential role in 

various biological processes such as wound healing, cancer 

invasion, and predator avoidance. This model has received 

considerable attention due to its critical role in a wide range of 

biological phenomena. Their classical model describes this 

phenomenon through the following system of partial differential 

equations: 

 

      {
  𝑢𝑡 = 𝑘1∆𝑢 − ∇. (uχ(w)∇𝑤)       𝑥 ∈ Ω, 𝑡 > 0,                     
 𝑤𝑡 = 𝑘2∆𝑤 − 𝛼𝑤 + 𝛽𝑢               𝑥 ∈ Ω, 𝑡 > 0,                     

(1.3) 

 

http://www.doi.org/10.62341/istj-vol39-1-ja09
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where 𝑢(𝑥, 𝑡)𝑎𝑛𝑑 𝑤(𝑥, 𝑡)  represents the density of the bacteria and 

oxygen concentration, 𝑘1, 𝑘2 are the diffusion coefficients for cells and 

chemical respectively, 𝜒 quantifies the chemotactic sensitivity, 

while 𝛼 and 𝛽 represent the production and degradation rates of the 

chemoattractant. Analytic and numerical of Keller-Segel models with 

logistic source have been studied in the past few decades. The classical 

Keller-Segel model with logistic source of the form 

 

        {
 𝑢𝑡 = ∆𝑢 − χ∇. (u∇𝑣)  + 𝑓(𝑢)       𝑥 ∈ Ω, 𝑡 > 0,               
𝑣𝑡 = ∆𝑣 − 𝑣 + 𝑢                              𝑥 ∈ Ω, 𝑡 > 0,             

       (1.4) 

 
has been extensively studied in various contexts. Li X. [11] established 

global boundedness of classical solutions in whole space (ℝn, 𝑛 ≥ 1) 

for nonnegative initial data, with particular emphasis on long-time 

behavior.  Tuval et al. [16] conducted a detailed experimental and 

theoretical study on the interaction of bacterial chemotaxis, chemical 

diffusion, and fluid convection, the main responsible mechanisms are 

the chemical movement of bacteria towards the oxygen they consume 

and the effect of gravity on the movement of the fluid by heavier 

bacteria, and the thermal transport of both cells and oxygen through the 

fluid. In particular, by placing a water droplet containing Bacillus 

subtilis in a chamber with its upper surface open to the atmosphere, 

they observed that bacterial cells quickly get densely packed in a 

relatively thin liquid layer below the water-air interface through which 

the oxygen diffuses into the water droplet. For such processes, there is 

a mathematical system: 

{
 
 

 
 
𝑛𝑡 + 𝑢. ∇𝑛 = ∇. (𝐷(𝑛)∇𝑛) − ∇. (𝑛𝑆(𝑥, 𝑛, 𝑐)∇𝑐),            𝑥 ∈ Ω, 𝑡 > 0,      

𝑐𝑡 + 𝑢. ∇𝑐 = ∆𝑐 − 𝑛𝑓(𝑐),                                                      𝑥 ∈ Ω, 𝑡 > 0,       

 𝑢𝑡 + 𝜅(𝑢. ∇𝑢)𝑢 + ∇𝑝 = ∆𝑢 + 𝑛∇𝜑,                                  𝑥 ∈ Ω, 𝑡 > 0,         

∇. 𝑢 = 0 ,                                                                        𝑥 ∈ Ω, 𝑡 > 0,             (1.5)
 

 

in a bounded domain Ω ⊂ ℝ3 with a smooth boundary, where 

𝑓(𝑐)  is the rate of oxygen consumption, k measures the rate at 

which cells consume oxygen, and 𝑆(𝑥, 𝑛, 𝑐)denotes a tensor-valued 

(or scalar) chemotactic sensitivity. Here n,𝑢, 𝑝, 𝜑, and 𝜅 ∈  R 

http://www.doi.org/10.62341/istj-vol39-1-ja09
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denotes the bacteria density, the associated pressure of the fluid, the 

potential of the gravitational field, and the strength of nonlinear fluid 

convection, respectively. From the maximum principle of the 

parabolic equations, one can directly deduce that 𝑐 is uniformly 

bounded from the second equation of (1.5). A lot of important 

progress has been made on the classical chemotaxis-Navier-Stokes 

equations, for which we refer to ([1],[2],[3]). Chunhua Jin [8] 

discussed the existence of global classical solution for the 

chemotaxis-Stokes system in a bounded domain in ℝ3. Zheng [19] 

proved the system (1.6) has global existence of weak solutions. 

Winkler [17] showed that there exists at least one global weak 

solution in three-dimensional case. Lorz [13] shown the global 

existence of the solution for the small initial data and blow-up delay. 

Moreover, by constructing some proper free energy functional and 

deriving some uniform a priori estimates. Duan et al. [4] studied the 

global existence and decay rates of classical solutions over ℝ3, 

provided that the initial datum (𝑛0, 𝑐0, 𝑢0) is a small smooth 

perturbation of the constant state (𝑛∞, 0, 0) with  𝑛∞ ≥  0 in 

𝐻3(ℝ3). Hattori and Lagha ([6], [7]) showed the global existence 

and asymptotic behavior of the solutions for a chemotaxis system 

with chemoattractant and repellent in three dimensions. For more 

literature, one can refer to ([12],[14],[15],[18],[20]).  

This paper is organized as follows, the first section is this 

introduction, which describes of some of the models used in 

chemotaxis, their rationale, and a very brief summary of the results 

obtained. In Section 2, we present notations and some assumptions 

that will be heavily used throughout the whole paper and state our 

main result. In Section 3, we prove the local-in-time existence of a 

regular solution for three-dimensional chemotaxis system with 

incompressible Navier-Stokes equations. 

2. Preliminaries and Main result.  

We first introduce some notations and useful inequalities that we 

will use later in this paper. We set 𝜕𝛼 = 𝜕𝑥1
𝛼1𝜕𝑥2

𝛼2𝜕𝑥3
𝛼3 for a multi-

index 𝛼 = [𝛼1, 𝛼2, 𝛼3] and length of 𝛼 is |. | = 𝛼3 + 𝛼2 + 𝛼3. C and 

http://www.doi.org/10.62341/istj-vol39-1-ja09
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Ci, where 𝑖 = 1,2, denote some positive (generally small) constant, 

where both C and Ci  may take different values in different places. 

For an integrable function 𝑓: 𝑅3 → 𝑅, let us denote the space 

 

𝑋(0, 𝑇)

= {
(𝑤 − 𝑤∞, 𝑐, 𝑢) ∈ C([0, T]; H

3(ℝ3)) ∩ C1([0, T]; H1(ℝ3)),

∇(𝑤 − 𝑤∞), ∇𝑐, ∇ 𝑢 ∈ L
2([0, T]; H3(ℝ3))

}. 

Definition 2.1 [5] 

    For 1 ≤ 𝑝 < ∞, the space 𝐿𝑝(Ω) consists of the Lebesgue 

measurable functions 𝑓: Ω → ℝ such that  

∫|𝑓(𝑥)|𝑝

Ω

𝑑𝑥 < ∞, 

and 𝐿∞(Ω) consists of the essentially bounded function. 

These spaces are Banach spaces with respect to the norms 

‖𝑓‖𝐿𝑃 = (∫ |𝑓(𝑥)|𝑝

Ω

𝑑𝑥 )

1

𝑝

,    ‖𝑓‖∞ = |𝑓|𝑠𝑢𝑝
𝑥∈Ω

  

where sup denotes the essential supremum, 

|𝑓| =𝑠𝑢𝑝
𝑥∈Ω

 inf  {M ≥ 0 ∶  |𝑓| ≤ M  almost evrywhere in Ω}. 

 

Definition 2.2 [5] 

    The Sobolev space 𝑊𝑁,𝑝(𝑈) consists of all summable functions 

𝑢:𝑈 → ℝ such that for each multi-index 𝛼 with |𝛼| ≤ 𝑘, 𝐷𝛼𝑢 exists 

in the weak sense and belongs to 𝐿𝑝(𝑈). 

Definition 2.3 [5]. 

If 𝑢 ∈ 𝑊𝑁,𝑝(𝑈), we define its norm to be  

‖𝑢‖𝑊𝑁,𝑝(𝑈) = 

{
 
 

 
 
(∑ ∫|𝐷𝛼𝑢|𝑝

U|𝛼|≤𝑘

𝑑𝑥)

1

𝑝

          1 ≤ 𝑝 < ∞

∑  𝑒𝑠𝑠 𝑠𝑢𝑝|𝐷𝛼𝑢|

|𝛼|≤𝑘

        𝑝 = ∞.             

 

http://www.doi.org/10.62341/istj-vol39-1-ja09


 

 Volume 39 العدد

  1Partالمجلد 
 

International Science and 

Technology Journal 

 المجلة الدولية للعلوم والتقنية 

Existence of Local Solutions to Coupled Chemotaxis- Fluid Equations 

with Chemotactic Sensitivity and Diffusion 

http://www.doi.org/10.62341/istj-vol39-1-ja09   

 

 1  - 39العدد  -والتقنية لعلوم الدولية ل   مجلةلل

 

ISTJ – Volume 1 -39   7 

 

 

 

 

The Sobolev space 𝑊𝑁,2(ℝ3) is denoted as 𝐻𝑁 . When 𝑁 = 0, the 

norms in the space 𝐿2(ℝ𝑑) are denoted by ‖∙‖. We will denote ‖∙‖𝑁 

is the  𝐻𝑁 norm. 

 

Lemma 2.1 (Cauchy’s inequality with ϵ) [5] 

Let 𝑎, 𝑏 are any real numbers. Then  

𝑎𝑏 ≤ 𝜖𝑎2 +
𝑏2

4𝜀
       (𝑎 > 0, 𝑏 > 0, 𝜖 > 0). 

Lemma 2.2 (Hölder’s inequality) [5] 

Assume 1 < 𝑝, 𝑞 < ∞, 
1

𝑝
 +

1

𝑞
= 1. If u∈ Lp(Ω), then we have 

∫ |uv|dx
Ω

| ≤ ‖u‖ 𝐿𝑝(Ω)‖v‖ 𝐿𝑞(Ω). 

Lemma 2.3 (Gronwall's inequality differential) [5] 

Let 𝑓(𝑡) be a nonnegative, absolutely continuous function on [0, 𝑇], 

which satisfies the differential inequality                

𝑓′(𝑡) ≤ 𝑔(𝑡)𝑓(𝑡) + 𝑘(𝑡), where 𝑔(𝑡) and 𝑘(𝑡), are nonnegative, 

summable functions on [0, 𝑇]. Then we have 

𝑓(𝑡) ≤ 𝑒∫ 𝑔(𝑠)𝑑𝑠
𝑡
0 [𝑓(0) + ∫ 𝑘(𝑠)𝑑𝑠]

𝑡

0
     for all 0 ≤ 𝑡 ≤ 𝑇. 

 

The main goal of this paper is to establish the existence of unique 

local solutions in three dimensions around a constant state (𝑤∞, 0, 0) 

for the above system (1.1). The main result of this paper is stated as 

follows: 

 

Theorem 2.1. There exists a positive number ε0 such that if  

 
‖(𝑤0, 𝑐0, 𝑢0)‖H3 ≤ ε0, 

 

http://www.doi.org/10.62341/istj-vol39-1-ja09
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then the Cauchy problems (1.1)-(1.2) of the Keller-Segel system 

admits a unique local solution (𝑤, 𝑐, 𝑢) with 

 

(𝑤 − 𝑤∞, 𝑐, 𝑢) ∈  𝑋(0, 𝑇). 
 

The proof of the existence of local solutions in Theorem 2.2 by 

constructing a sequence of approximation functions based on 

iteration and some basic energy estimates. Let (𝑤, 𝑐, 𝑢) be a smooth 

solution to the Cauchy problem of the Chemotaxis system (1.1) with 

initial data U0  =  (𝑤0, 𝑐0, 𝑢0). We introduce the transformation: 

 

𝑤(𝑡, 𝑥) = 𝑤∞ + 𝜎(𝑡, 𝑥). 
 

Then, the Cauchy problem (1.1) and (1.2) are reformulated as 

 

{

𝜕𝑡𝜎 + 𝑢. ∇𝑐 + ∇. (𝜎∇𝑐) + 𝑤∞∇. (∇𝑐) = 𝐷𝑤∆𝜎
 𝜕𝑡𝑐 + 𝑢. ∇𝑐 + 𝜎𝑐 + 𝑤∞𝑐 =  ε∇𝑐                                                  

𝜕𝑡𝑢 + 𝑢. ∇𝑢 + ∇𝑝 + 𝜎∇𝜑 = 𝐷∆𝑢                       

∇. 𝑢 = 0    𝑡 > 0,                𝑥 ∈ ℝ3,                     

(2.1) 

 

 

with initial data 

 

            (𝜎, 𝑐, 𝑢)|𝑡=0 = (𝜎0, 𝑐0, 𝑢0) → (0,0,0)  as |x| → ∞,          (2.2) 

 

where 𝜎0 = 𝑤0 − 𝑤∞. 
 

3. Existence of local solutions. 

This section is devoted to the proof of Theorem 2.1. We construct 

the sequence (𝜎j, cj, uj)j≥0 by solving iteratively the Cauchy 

problems on the following linear equations 

  

http://www.doi.org/10.62341/istj-vol39-1-ja09
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{
 
 

 
 𝜕𝑡𝜎

𝑗+1 + 𝑢𝑗 . ∇𝜎𝑗+1 − 𝐷𝑤∆𝜎
𝑗+1 = −∇. (𝜎𝑗∇𝑐𝑗+1) − 𝑤∞∆𝑐

𝑗+1

 𝜕𝑡𝑐
𝑗+1 + 𝑢𝑗 . ∇𝑐𝑗+1 + 𝑤∞𝑐

𝑗+1 − ε∆𝑐𝑗+1 = −𝜎𝑗  𝑐𝑗+1                    

 𝜕𝑡𝑢
𝑗+1 + 𝑢𝑗 . ∇𝑢𝑗+1 + ∇𝑝𝑗+1 − 𝐷∆𝑢𝑗+1 = −𝜎𝑗  ∇𝜑                       

 ∇. 𝑢𝑗+1 = 0    𝑡 > 0,     𝑥 ∈ ℝ3 ,                                                      (3.1)   

 

 

 

with initial data 

 

(𝜎𝑗+1, 𝑐𝑗+1, 𝑢𝑗+1)|𝑡=0 = (𝜎0, 𝑐0, 𝑢0) → (0,0,0),                               
(3.2) 

 

 as |x| → ∞, for j ≥ 0. In what follows, let us write Aj =

(𝜎𝑗+1, 𝑢𝑗+1, 𝑐𝑗+1)
j≥0
and A0 = (σ0, u0, c0), where A

0 ≡

(0 ,0,0). Next, we prove that (Aj)j≥0 is a Cauchy  sequence in the 

Banach space C([0,T1];H3) for T1 > 0  suitable small.  At last,  by 

taking the limit and  continuous argument, we prove that (𝜎, 𝑢, 𝑐) is 

a local solution to (2.1)-(2.2). Now, we will need to prove the  

following result: 

 

Theorem 3.1.   

   Suppose ‖A0‖H3 ≤ ε1, for small constants  ε1  > 0, T1 > 0 , B1 >
0. Then for each 𝑗 ≥ 0, Aj ∈  C([0, T1)]; H

3), is well defined and  

‖Aj(t)‖
H3
≤ B 1.Sup

0≤t≤T1

 
                                                              (3.3) 

 Moreover, (Aj)j≥0 is a Cauchy sequence in Banach space C([0, T1]; 

H3), the corresponding limit function denoted by A belongs to 

C([0, T1]; H3) with    

 
‖A(t)‖H3 ≤ B 1 ,Sup

0≤t≤T1

                                                                 (3.4) 
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and A = ( 𝜎 , 𝑢, 𝑐) is a solution to the Cauchy problem (2.1)-(2.2) over 

[0, T1]. The Cauchy problem (2.1)-(2.2) admits at most one solution 

A∈ C([0, T1]; H
3), which satisfies (3.4). 

 

Proof. We begin by focusing  our attention on the proof of (3.3), 

which will be given by an inductive argument. The trivial case is 𝑗 =
0 since A0 = ( 0,0,0) by the assumption at initial step. Suppose that 

(3.3) holds for some j≥ 0 where is small enough. To prove (3.3) holds 

for j+1, we need some energy estimates on (𝜎𝑗+1, 𝑐𝑗+1, 𝑢𝑗+1).  Apply 

∂α to  both sides of the first equation of (3.1), multiply that equation 

by ∂ασj+1, and integrate over ℝ3 with |α| ≤ 3, we obtain  

   

∫∂ασj+1 ∂α𝜕𝑡𝜎
𝑗+1

ℝ3

dx + ∫∂α(uj. ∇σj+1) ∂ασj+1

ℝ3

dx

− 𝐷𝑤 ∫∂ασj+1 ∂α ∆𝜎𝑗+1 

ℝ3

dx

= − ∫∂α∇. (σj∇cj+1) ∂ασj+1

ℝ3

dx 

 

          −w∞ ∫∂α∆cj+1 ∂ασj+1dx

ℝ3

. 

 

We use integration by parts, we get 

 

                      
1

2

d

dt
∫|∂ασj+1|

2

ℝ3

dx + 𝐷𝑤 ∫|∂α∇σj+1|
2

ℝ3

dx 

                         = − ∫∂α(uj. ∇σj+1) ∂ασj+1

ℝ3

dx

+ ∫∂α(σj∇cj+1) ∂α∇σj+1

ℝ3

dx 

                                            +w∞ ∫ ∂α∇σj+1 ∂α∇cj+1dx
ℝ3

.                 (3.5) 
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By taking the summation over |𝛼| ≤ 3 and using Lemma 2.1, we 

obtain 

 

               
1

2

d

dt
‖σj+1‖

H3

2
+ C1 ‖∇σ

j+1‖
H3

2
   

 

                

≤ C‖∇cj+1‖
H3

2
+   C‖(uj, σj)‖

H3

2
 ‖∇(σj+1, cj+1)‖

H3

2

+ 𝐶‖σj‖
H3

2
.                                                                                                    (3.6) 

 

Similarly, applying ∂α to  the second equation of (3.1), multiplying 

it by ∂αcj+1 and taking integrations in x, we obtain 

 

∫∂αcj+1 ∂α𝜕𝑡𝑐
𝑗+1

ℝ3

dx + ∫∂αcj+1 ∂α (𝑢𝑗. ∇𝑐𝑗+1

ℝ3

)dx 

+𝑤∞ ∫∂αcj+1 ∂α𝑐𝑗+1

ℝ3

dx − ε ∫∂αcj+1 ∂α(

ℝ3

∆𝑐𝑗+1)dx 

= − ∫∂αcj+1 ∂α(𝜎𝑗  𝑐𝑗+1)

ℝ3

dx.      

           

After taking the summation over |𝛼| ≤ 3 and using integration by 

parts, we obtain     

     
1

2

d

dt
 ∫|∂αcj+1|

2
dx + ε ∫|∇∂αcj+1|

2
dx

ℝ3ℝ3

+𝑤∞  ∫|∂
αcj+1|

2
dx                                

ℝ3

 

= − ∫∂α(uj. ∇cj+1) ∂αcj+1dx − ∫∂α(𝜎𝑗cj+1) ∂αcj+1dx 

ℝ3

.

ℝ3

 

After using Lemma 2.1, we have  
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1

2

d

dt
‖cj+1‖

H3

2
+ C1‖∇c

j+1‖
H3

2
+ C2‖c

j+1‖
H3

2

≤ C‖(uj, σj)‖
H3

2
‖∇cj+1‖

H3

2
 .                       (3.7) 

 

In a similar way as above, we can estimate uj+1 as 

 

∫∂αuj+1 ∂α(𝜕𝑡𝑢
𝑗+1)dx

ℝ3

  + ∫∂α(∇𝑝𝑗+1). ∂αuj+1dx

ℝ3

− 𝐷 ∫∂α(∆𝑢𝑗+1). ∂αuj+1dx

ℝ3

 

 

= − ∫∂α(uj. ∇uj+1). ∂αuj+1dx

ℝ3

− ∫∂α(σj∇φ). ∂αuj+1dx.

ℝ3

 

By using integration by parts, we have  
1

2

d

dt
∫|∂αuj+1|

2
dx + 𝐷 ∫ |∇∂αuj+1|

2
dx

ℝ3ℝ3

 

 

              = − ∫∂α(uj. ∇uj+1). ∂αuj+1dx + ∫∂α(σjφ). ∂α∇uj+1dx

ℝ3ℝ3

. 

 

Then, we take summation over |𝛼| ≤ 3 and we use Lemma 2.1, one 

has 

 
1

2

d

dt
 ‖uj+1‖

H3

2
  + C1  ‖∇u

j+1‖
H3

2

≤ C ‖σj‖
H3

2
+ C‖uj‖

H3

2
‖∇uj+1‖

H3

2
 .                     (3.8) 

                        

By combining (3.6), (3.7) and (3.8) we get  

 

          
1

2

d

dt
 (‖σj+1‖

H3

2
+ ‖cj+1‖

H3

2
+ ‖uj+1‖

H3

2
) 
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          +C1‖∇(σ
j+1, cj+1 , uj+1)‖

H3

2
+ C2‖σ

j+1, cj+1‖
H3

2
       

 

           ≤ C ‖σj‖
H3

2
+ C‖σj, cj, uj‖

H3

2
‖∇(σj+1, cj+1 , uj+1)‖

H3

2
.      (3.9) 

 

Then, after integrating  (3.9) over [0, 𝑡] for all t ∈[0, T1], we have 

                      ‖Aj+1(t)‖
H3

2
+ C1∫‖∇A

j+1(s)‖
H3

2
ds

t

0

+ C2∫‖σ
j+1, cj+1‖

H3

2
ds  

t

0

≤    C ‖A0‖H3
2 + C∫‖Aj(s)‖

H3

2
ds

t

0

   

+ C∫‖Aj(s)‖
H3

2
‖∇Aj+1(s)‖

H3

2
ds,                     (3.10)

t

0

 

 

for some positive constants C1 𝑎𝑛𝑑 C2. From the inductive 

assumption, the previous inequality can be re-estimated as 

‖Aj+1(t)‖
H3

2
+ C1∫‖∇A

j+1(s)‖
H3

2
ds

t

0

+ C2∫‖σ
j+1, cj+1‖

H3

2
ds      

t

0

  

            ≤ C𝜀1
2 + C𝐵1

2T1 + C𝐵1
2 ∫ ‖∇Aj+1(s)‖

H3

2
ds

t

0
 ,                       (3.11)                   

 

for any 0≤ t ≤ T1. Now, we take the small constants  𝜀1 > 0, B1 >
0 and T1 > 0. Then, we get 

 

‖Aj+1(t)‖
H3

2
+ C1‖∇A

j+1(t)‖
H3

2
+ C2‖σ

j+1, cj+1‖
H3

2
≤ 𝐵1

2,     (3.12) 

 

for any 0 ≤ t ≤ T1. This implies that (3.3) holds for 𝑗 + 1, hence 

(3.3) is proved for all  𝑗 ≥ 0. 
Next, we define   
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E(Aj+1(t)) ≔ ‖σj+1‖
H3

2
+ ‖cj+1‖

H3

2
+ ‖uj+1‖

H3

2
. 

 

Similar to prove (3.10), we have                                                                                             

      

           |E(Aj+1(t)) − E(Aj+1(s))| = |∫
d

dτ 
E(Aj+1(τ)) dτ 

t

s
|   

                           ≤ 𝐶 ∫ ‖Aj(τ)‖
H3

2
dτ +

t

s

C∫ (1 +
t

s
‖Aj(τ)‖

H3

2
)‖∇Aj+1(τ)‖

H3

2
dτ + C2 ∫ ‖σ

j+1, cj+1‖
H3

2
dτ

t

0
≤

 CB1
2(t − s) + C(1 + B1

2) ∫ ‖∇Aj+1(τ)‖
H3

2t

s
dτ +

C2 ∫ ‖σ
j+1, cj+1‖

H3

2
dτ

t

0
,                                                                      (3.13) 

for any 0 ≤ s ≤ t ≤ T1. Here, the time integral on the right-hand 

side from the above inequality is bounded by (3.12), and hence 

E(Aj+1(t)) is Continuous in 𝑡 for each j≥ 0. By the same argument, 

we can infer that both ‖cj+1‖
H3

2
, and ‖uj+1‖

H3

2
 are continuous in 𝑡. 

 From the continuity of E (Aj+1(t)), we can also infer the 

continuity of  ‖σj+1‖
H3

2
. Therefore, 

‖Aj+1(t)‖
H3

2
 is continuous in time for  j ≥ 1.  

For this step, we prove that the sequence (Aj)
j≥0

is a Cauchy 

sequence in the Banach space C([0, T1]; H
3), which converges to the 

solution A = (𝜎, 𝑢, 𝑐) of the Cauchy problem (2.1)-(2.2), and 

satisfies (3.4). Let us take the difference of (3.1) for 𝑗 + 1 and 𝑗 so 

that it gives 

 

{
 
 
 
 

 
 
 
 

∂t(σ
j+1 − σj) − Dw∆(σ

j+1 − σj) = −uj. ∇(σj+1 − σj) − (uj − uj−1). ∇σj

−∇. (σj∇(cj+1 − cj)) − ∇. ((σj − σj−1)∇cj)   − 𝑤∞(∆(c
j+1 − cj))            

 ∂t(c
j+1 − cj) − ε∆(cj+1 − cj) + 𝑤∞(c

j+1 − cj)                                               

= −uj. ∇(cj+1 − cj) − (uj − uj−1). ∇cj − σj(cj+1 − cj) − (σj − σj−1)cj,

∂t(u
j+1 − uj) − 𝐷∆(uj+1 − uj)   =  −∇(𝑝j+1 − 𝑝j)                                       

−uj. ∇(uj+1 − uj) − (uj − uj−1). ∇uj − (σj − σj−1)∇φ                                    

∇. (uj+1 − uj) = 0,        t > 0, x ∈ ℝ3 .                                                  (3.14)                                       
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By using the same energy estimates as before, we have  

 

           
1

2

d

dt
‖(σj+1 − σj)‖

H3

2

+C1‖∇(σ
j+1 − σj)‖

H3

2

≤ C‖(uj − uj−1, σj − σj−1)‖
H3

2
‖∇(σj, cj)‖

H3

2
    

+ 𝐶‖(σj, 𝑢j)‖
H3

2
‖∇(σj+1 − σj, cj+1

− cj)‖
H3

2
+w∞‖∇(c

j+1 − cj)‖
H3

2
,                    (3.15)    

 

             
1

2

d

dt
‖(cj+1 − cj)‖

H3

2

+ C2‖(c
j+1 − cj)‖

H3

2
 

            +C1‖∇(c
j+1 − cj)‖

H3

2
≤ C‖(σj, 𝑢j)‖

H3

2
‖∇(cj+1 − cj)‖

H3

2

 

   + C ‖∇(σj − σj−1, uj − uj−1)‖
H3

2
 ‖∇cj‖

H3

2
 ,                             (3.16) 

and 

1

2

d

dt
‖(uj+1 − uj)‖

H3

2

+ C1‖∇(u
j+1 − uj)‖

H3

2
          

            ≤ C‖uj‖
H3

2
 ‖∇(uj+1 − uj)‖

H3

2
+ C‖(uj − uj−1)‖

H3

2
  ‖∇uj‖

H3

2
 

+C ‖σj − σj−1‖
H3

2
.                                                                        (3.17) 

 

We combine the equations (3.15),(3.16) and (3.17) to obtain 

 

                      
1

2

d

dt 
E(Aj+1 − Aj) + C1‖∇(A

j+1 − Aj)‖
H3

2

+ C2  ‖(c
j+1 − cj)‖

H3

2
+ C2‖(σ

j − σj−1)‖
H3

2

≤ C‖Aj‖
H3

2
‖∇(Aj+1 − Aj)‖

H3

2

+ C‖Aj

− Aj−1‖
H3

2
  ‖∇Aj‖

H3

2
.                                           (3.18) 

 

By integrating over [0, 𝑡] for any 0 ≤ t ≤ T1 from (3.18), we have   
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‖(𝐴𝑗+1(𝑡) − 𝐴𝑗(𝑡)‖
2

𝐻3
+ 𝐶1∫‖∇(A

j+1(s) − Aj(𝑠))‖
H3

2
𝑑𝑠

𝑡

0

+ 𝐶2∫‖(c
j+1 − cj)‖

H3

2
𝑑𝑠

𝑡

0

+ 𝐶2∫‖(σ
j+1 − σj)‖

H3

2
𝑑𝑠

𝑡

0

 

≤  𝐶(1 + 𝐵1
2)𝑇1 ‖(𝐴𝑗(𝑡) − 𝐴𝑗−1(𝑡)‖

𝐻3 Sup
0≤t≤T1

 

+ 𝐶𝐵1
2  ∫‖∇(Aj+1(s) − Aj(𝑠))‖

H3

2
𝑑𝑠

𝑡

0

, 

which by smallness of B1 and T1 implies that there exists  a constant 

𝜃𝜖(0,1), such that for any j ≥ 1 

 

‖(𝐴𝑗+1(𝑡) − 𝐴𝑗(𝑡)‖
𝐻3 

≤Sup
0≤t≤T1

 
𝜃 ‖(𝐴𝑗(𝑡) − 𝐴𝑗−1(𝑡)‖

𝐻3 Sup
0≤t≤T1

 
. 

 

It can be seen from the above inequality that  (Aj)j≥0 is a Cauchy 

sequence in the Banach space C([0, T1]; H
3(ℝ3 )). Thus the limit 

function                                                       

A = A0 + lim
i→∞

∑(Aj+1 − Aj)

𝑖

𝑗=0

 

exists in C([0, T1]; H
3(ℝ3 )), and satisfies    

 

‖𝐴(𝑡)‖𝐻3 ≤Sup
0≤t≤T1

 lim
𝑗→∞

 𝑖𝑛𝑓 ‖𝐴𝑗(𝑡)‖
𝐻3 

≤ 𝐵1.             Sup
0≤t≤T1

      (3.19)     

 

Finally, we show that the Cauchy problem (2.1)-(2.2) admits at most 

one solution in C([0, T1]; H
3(ℝ3)). Suppose that there exist two 

solutions 𝐴, 𝐴̃  in C([0, T1]; H
3(ℝ3)) which satisfy (3.4). Let   

𝜎̃ = 𝜎1(𝑥, 𝑡) − 𝜎2(𝑥, 𝑡), 𝑢̃ = 𝑢1(𝑥, 𝑡) − 𝑢2(𝑥, 𝑡), and 𝑐̃ =
𝑐1(𝑥, 𝑡) − 𝑐2(𝑥, 𝑡) solves  
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{

𝜕𝑡𝜎̃ + 𝑤∞∇. (𝛻𝑐̃) − 𝐷𝑤∆𝜎̃ = −𝑢1. 𝛻𝑐̃ − 𝑢.̃ 𝛻𝑐2 − ∇. (𝜎2 𝛻𝑐̃) − ∇. (𝜎̃𝛻𝑐1)

𝜕𝑡𝑢̃ − 𝐷∆𝑢̃ − 𝛻𝑝 = − 𝑢2∇ ∙ 𝑢̃  − 𝑢̃∇ ∙ 𝑢1  − 𝜎̃𝛻𝜑                                           
𝜕𝑡𝑐̃ − 𝜀∆𝑐̃ + 𝑤∞𝑐̃ = −𝑢1∇ ∙ 𝑐̃  − 𝑢.̃ ∇𝑐2 − 𝜎̃𝑐2 − 𝜎1𝑐̃.                     (3.20)  

 

  

Multiplying 𝜎̃ to both sides of the first equation of (3.20) and 

integrating over ℝ3, we have 

 

                      ∫ 𝜎̃
ℝ3

𝜕𝑡𝜎̃𝑑𝑥+𝑤∞ ∫ 𝜎̃ ∇. (𝛻𝑐̃)
ℝ3

𝑑𝑥 − 𝐷𝑤 ∫ 𝜎̃
ℝ3

∆𝜎̃𝑑𝑥 

 

            = −∫ 𝜎̃
ℝ3

∇. (𝜎̃∇𝑐1)𝑑𝑥 − ∫ 𝜎̃
ℝ3

∇. (𝜎2∇𝑐̃)𝑑𝑥 

 

            −∫ 𝜎̃
ℝ3

 (𝑢1. 𝛻𝑐̃ )𝑑𝑥 −∫ 𝜎̃
ℝ3

 (𝑢̃. 𝛻𝑐2)𝑑𝑥. 

 

Then, after using integration by parts and Lemma 2.1, we obtain 

 
𝑑

2 𝑑𝑡
‖𝜎̃‖𝐿2

2 + 𝑤∞‖𝜎̃‖𝐿2
2 +𝐷𝑤‖∇𝜎̃‖𝐿2

2

≤   C‖∇𝑐1‖𝐿∞∫ (|𝜎̃|2 + |∇𝜎̃|2)𝑑𝑥   
ℝ3

+   C‖𝜎2‖𝐿∞∫ ( |∇𝜎̃|2 + |∇𝑐̃|2)𝑑𝑥
ℝ3

+   C‖𝑢1‖𝐿∞∫ (|𝜎̃|2 + |∇𝑐̃|2)𝑑𝑥
ℝ3

  

                  +C‖∇𝑐2‖𝐿∞ ∫ ( |𝜎̃|2 + |𝑢̃|2)𝑑𝑥
ℝ3

 .                                     (3.21)  

                                                                                                                                            

Multiplying 𝑢̃ to both sides of the second equation of (2.1) and 

taking integrations in x, we obtain 

 

∫ 𝑢̃
ℝ3

𝜕𝑡𝑢̃𝑑𝑥 − ∫ 𝑢̃
ℝ3

∆𝑢̃𝑑𝑥 − ∫ 𝑢̃
ℝ3

𝛻𝑝𝑑𝑥 =  

 

−∫ 𝑢̃
ℝ3

. ( 𝑢̃𝛻 ∙ 𝑢1)𝑑𝑥 −∫ 𝑢̃
ℝ3

 . (𝑢2𝛻 ∙ 𝑢̃)𝑑𝑥 − ∫ 𝑢̃
ℝ3

. (𝜎̃∇𝜑)𝑑𝑥. 
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By using integration by parts and Lemma 2.1, we get 

 

   
𝑑

2 𝑑𝑡
‖𝑢̃‖𝐿2

2 +𝐷‖∇𝑢̃‖𝐿2
2 ≤ C‖∇ ∙ 𝑢1‖𝐿∞‖𝑢̃‖𝐿2

2  

 

           +C‖𝑢2‖𝐿∞(‖𝑢̃‖𝐿2
2 +‖𝛻. 𝑢̃‖𝐿2

2 ) + C‖∇𝜑‖𝐿∞(‖𝑢̃‖𝐿2
2 + ‖𝜎̃‖𝐿2

2 ). 
 

Since 𝐿∞ norms of 𝜎𝑖,𝑢𝑖 , and 𝑐𝑖  where i = 1, 2 are bounded, we have 

 
𝑑

2 𝑑𝑡
‖𝑢̃‖𝐿2

2 + C1‖∇𝑢̃‖𝐿2
2 ≤ C‖𝜎̃‖𝐿2

2 + C‖𝑢̃‖𝐿2
2 .                              (3.22) 

                                              

Similarly, we estimate 𝑐̃ as follows: 

 
𝑑

2 𝑑𝑡
‖𝑐̃‖𝐿2

2 + C1‖∇𝑐̃‖𝐿2
2 + C2‖𝑐̃‖𝐿2

2

≤ C(‖𝑐̃‖𝐿2
2 + ‖𝜎̃‖𝐿2

2 + ‖𝑢̃‖𝐿2
2 ).                           (3.23) 

 

After taking the linear combination of (3.21),(3.22), and (3.23), we 

obtain  

   

                      
𝑑

2 𝑑𝑡
(‖𝜎̃‖𝐿2

2 + ‖𝑢̃‖𝐿2
2 + ‖𝑐̃‖𝐿2

2 ) + C2(‖𝜎̃‖𝐿2
2 + ‖𝑐̃‖𝐿2

2 )

+   C1(‖∇𝜎̃‖𝐿2
2 +‖∇𝑢̃‖𝐿2

2 + ‖∇𝑐̃‖𝐿2
2 )          

                   ≤ 𝐶(‖𝜎̃‖𝐿2
2 + ‖𝑢̃‖𝐿2

2 + ‖𝑐̃‖𝐿2
2 ).                                (3.24)                 

 

By applying Lemma 2.3, to the above equation, we have 

 

(‖𝜎̃‖𝐿2
2 + ‖𝑢̃‖𝐿2

2 + ‖𝑐̃‖𝐿2
2 )𝑆𝑢𝑝

0≤𝑡≤𝑇1

 

≤ 𝑒𝑐𝑇1(‖𝜎̃(0)‖𝐿2
2 + ‖𝑢̃(0)‖𝐿2

2 + ‖𝑐̃(0)‖𝐿2
2 ). 

Since the initial data of (𝜎̃ , 𝑢̃ ,𝑐̃ ) are all zero for T > 0, that implies 

the uniqueness of the local solution.  
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Conclusion 

     In this paper, we proved the existence of local solutions for 

chemotaxis- fluid equations with chemotactic sensitivity and 

diffusion, which described modeling cellular swimming in fluid 

drops in three dimensions. We obtained the local existence and 

uniqueness of convergence on classical solutions near constant 

states by the energy method.  
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                                                    = −     ∫   ℝ 3   ∂ α  (  u j . ∇  σ  j + 1 )  ∂ α  σ  j + 1 dx +   ∫   ℝ 3   ∂ α  (  σ j ∇  c  j + 1 )  ∂ α ∇  σ  j + 1 dx


                                                                                          +  w ∞   ∫   ℝ 3   ∂ α ∇  σ  j + 1  ∂ α ∇  c  j + 1 dx .


   | 𝛼 | ≤ 3  


                                 1 2  d dt    ‖  σ  j + 1 ‖   H 3 2 +  C 1      ‖ ∇  σ  j + 1 ‖   H 3 2


                                  ≤ C    ‖ ∇  c  j + 1 ‖   H 3 2 +     C    ‖   (  u j , σ j ) ‖   H 3 2      ‖ ∇  (  σ  j + 1 ,  c  j + 1 ) ‖   H 3 2 + C    ‖  σ j ‖   H 3 2 .                                                                                                                                                                                                         ( 3 . 6 )


   ∂ α


   ∂ α  c  j + 1


  x


    ∫   ℝ 3     ∂ α  c  j + 1 ∂ α   𝜕  t   c  j + 1 dx +   ∫   ℝ 3   ∂ α  c  j + 1  ∂ α   (   u  j . ∇   c  j + 1 ) dx


  +   w ∞   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α   c  j + 1 dx − ε   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α ( ∆   c  j + 1 ) dx


  +   w ∞   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α   c  j + 1 dx − ε   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α ( ∆   c  j + 1 ) dx


  = −   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α  (   𝜎  j     c  j + 1 ) dx .          


  = −   ∫   ℝ 3     ∂ α  c  j + 1 ∂ α  (   𝜎  j     c  j + 1 ) dx .          


   | 𝛼 | ≤ 3  


   1 2  d dt     ∫   ℝ 3     |  ∂ α  c  j + 1 | 2 dx + ε     ∫   ℝ 3     |   ∇ ∂ α  c  j + 1 | 2 dx +   w ∞     ∫   ℝ 3     |  ∂ α  c  j + 1 | 2 dx                                                                


  = −   ∫   ℝ 3   ∂ α (  u j . ∇  c  j + 1   ) ∂ α  c  j + 1 dx −   ∫   ℝ 3   ∂ α  (   𝜎  j  c  j + 1 )  ∂ α  c  j + 1 dx   .  


  = −   ∫   ℝ 3   ∂ α (  u j . ∇  c  j + 1   ) ∂ α  c  j + 1 dx −   ∫   ℝ 3   ∂ α  (   𝜎  j  c  j + 1 )  ∂ α  c  j + 1 dx   .  


   1 2  d dt    ‖  c  j + 1 ‖   H 3 2 +    C 1    ‖ ∇  c  j + 1 ‖   H 3 2 +  C 2    ‖  c  j + 1 ‖   H 3 2 ≤ C    ‖   (  u j , σ j ) ‖   H 3 2    ‖ ∇  c  j + 1 ‖   H 3 2   .                                               ( 3 . 7 )


   u  j + 1


    ∫   ℝ 3   ∂ α  u  j + 1  ∂ α  (   𝜕  t   u  j + 1 ) dx     +   ∫   ℝ 3   ∂ α  ( ∇   p  j + 1 ) .  ∂ α  u  j + 1 dx − D   ∫   ℝ 3      ∂ α  ( ∆   u  j + 1 ) .  ∂ α  u  j + 1 dx


  = −   ∫   ℝ 3   ∂ α  (  u j . ∇  u  j + 1 ) .  ∂ α  u  j + 1 dx −   ∫   ℝ 3   ∂ α  (  σ j ∇ φ ) .  ∂ α  u  j + 1 dx .


   1 2  d dt   ∫   ℝ 3     |  ∂ α  u  j + 1 | 2 dx + D   ∫   ℝ 3        |   ∇ ∂ α  u  j + 1 | 2 dx


                              = −   ∫   ℝ 3   ∂ α  (  u j . ∇  u  j + 1 ) .  ∂ α  u  j + 1 dx +   ∫   ℝ 3   ∂ α  (  σ j φ ) .  ∂ α ∇  u  j + 1 dx .


   | 𝛼 | ≤ 3  


   1 2  d dt      ‖  u  j + 1 ‖   H 3 2     +  C 1        ‖ ∇  u  j + 1 ‖   H 3 2 ≤ C      ‖  σ j ‖   H 3 2 + C    ‖  u j ‖   H 3 2    ‖ ∇  u  j + 1 ‖   H 3 2   .                                           ( 3 . 8 )


                       1 2  d dt   (    ‖  σ  j + 1 ‖   H 3 2 +      ‖  c  j + 1 ‖   H 3 2 +    ‖  u  j + 1 ‖   H 3 2 )


   C 1    ‖   ∇ ( σ  j + 1 ,    c  j + 1   ,  u  j + 1 ) ‖   H 3 2 +  C 2    ‖    σ  j + 1 , c  j + 1 ‖   H 3 2


                        ≤ C      ‖  σ j ‖   H 3 2 + C    ‖  σ j ,  c j ,  u j ‖   H 3 2    ‖   ∇ ( σ  j + 1 ,    c  j + 1   ,  u  j + 1 ) ‖   H 3 2 .


  [ 0 , t ]  


    ∈


      T 1 ] ,  


                                                 ‖  A  j + 1 ( t ) ‖   H 3 2 +  C 1   ∫ 0 t     ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 ds     ≤       C      ‖  A 0 ‖   H 3 2 + C   ∫ 0 t     ‖  A j  ( s ) ‖   H 3 2 ds       + C   ∫ 0 t     ‖  A j  ( s ) ‖   H 3 2    ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds ,                                           ( 3 . 10 )


      C 1   a n d    C 2 .


     ‖  A  j + 1 ( t ) ‖   H 3 2 +  C 1   ∫ 0 t     ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 ds              


                          ≤ C   𝜀 1 2 + C   B 1 2  T 1 + C   B 1 2   ∫ 0 t     ‖   ∇ A  j + 1  ( s ) ‖   H 3 2 ds   ,  


  ≤ t ≤  T 1 .


      𝜀 1 > 0


   B 1 > 0   and    T 1 > 0 .


     ‖  A  j + 1 ( t ) ‖   H 3 2 +  C 1    ‖   ∇ A  j + 1 ( t ) ‖   H 3 2 +  C 2    ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 ≤   B 1 2 ,


    ≤ t ≤  T 1


  j + 1


  j   ≥ 0 .


    ( A  j + 1 ( t ) ) ≔    ‖  σ  j + 1 ‖   H 3 2 +      ‖  c  j + 1 ‖   H 3 2 +    ‖  u  j + 1 ‖   H 3 2 .


   | E   ( A  j + 1 ( t ) ) − E   ( A  j + 1 ( s ) ) | =  |   ∫ s t   d  d τ   E   ( A  j + 1 ( τ ) )   d τ   |


                                                        ≤ C   ∫ s t     ‖  A j  ( τ ) ‖   H 3 2 d τ + C   ∫ s t  ( 1 +    ‖  A j  ( τ ) ‖   H 3 2 )    ‖   ∇ A  j + 1  ( τ ) ‖   H 3 2 d τ +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 d τ ≤   C    B 1 2  ( t − s ) + C  ( 1 +    B 1 2 )   ∫ s t     ‖   ∇ A  j + 1  ( τ ) ‖   H 3 2 d τ +  C 2   ∫ 0 t     ‖    σ  j + 1 , c  j + 1 ‖   H 3 2 d τ ,                                                                                                                                            


  0 ≤ s ≤ t ≤  T 1 .


    E ( A  j + 1 ( t ) )  


  t


  ≥ 0 .  


       ‖  c  j + 1 ‖   H 3 2 ,   and      ‖  u  j + 1 ‖   H 3 2


  t .


    From   the   continuity   of   E     ( A  j + 1 ( t ) ) ,  


         ‖  σ  j + 1 ‖   H 3 2 .


     ‖  A  j + 1 ( t ) ‖   H 3 2   is   continuous   in  


    ≥ 1


     (  A j )  j ≥ 0


  C  (  [ 0 ,  T 1 ] ;  H 3 )


  A =  ( 𝜎 , u , c )


  j + 1


  j  


   {     ∂ t  (  σ  j + 1 −  σ j ) −  D w ∆   ( σ  j + 1 −  σ j ) = −  u j . ∇ (  σ  j + 1 −  σ j ) − (  u j −  u  j − 1 ) .   ∇  σ j   − ∇ .  (  σ j ∇  (  c  j + 1 −  c j ) ) − ∇ .  ( (  σ j −  σ  j − 1 ) ∇  c j )     −   w ∞  ( ∆ (  c  j + 1 −  c j ) )                               ∂ t  (  c  j + 1 −  c j ) − ε ∆   ( c  j + 1 −  c j ) +   w ∞ (  c  j + 1 −  c j )                                                                                                 = −  u j . ∇  (  c  j + 1 −  c j ) −  (  u j −  u  j − 1 ) . ∇  c j −  σ j  (  c  j + 1 −  c j ) −  (  σ j −  σ  j − 1 )  c j ,    ∂ t  (  u  j + 1 −  u j ) − D ∆  (  u  j + 1 −  u j )     =   − ∇  (   p  j + 1 −   p j )                                                                                 −  u j . ∇  (  u  j + 1 −  u j ) −  (  u j −  u  j − 1 ) . ∇  u j −   ( σ j −  σ  j − 1 ) ∇ φ                                                                           ∇ .  (  u  j + 1 −  u j ) = 0 ,                 t > 0 , x ∈  ℝ 3   .                                                                                                     ( 3 . 14 )                                                                              


                           1 2  d dt  ‖   ( σ  j + 1 −  σ j ) ‖   H 3 2   +  C 1  ‖   ∇ ( σ  j + 1 −  σ j ) ‖   H 3 2 ≤ C    ‖  (  u j −  u  j − 1 ,  σ j −  σ  j − 1 ) ‖   H 3 2    ‖   ∇ ( σ j ,  c j ) ‖   H 3 2         + C    ‖   ( σ j ,   u j ) ‖   H 3 2    ‖     ∇ ( σ  j + 1 −  σ j , c  j + 1 −  c j ) ‖   H 3 2   + w ∞    ‖   ∇ ( c  j + 1 −  c j ) ‖   H 3 2 ,                                         ( 3 . 15 )      


                               1 2  d dt  ‖   ( c  j + 1 −  c j ) ‖   H 3 2 +    C 2    ‖   ( c  j + 1 −  c j ) ‖   H 3 2


                          +  C 1    ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2 ≤   C    ‖   ( σ j ,   u j ) ‖   H 3 2  ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2


                          +  C 1    ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2 ≤   C    ‖   ( σ j ,   u j ) ‖   H 3 2  ‖ ∇   ( c  j + 1 −  c j ) ‖   H 3 2


     ‖     ∇ ( σ j −  σ  j − 1 , u j −  u  j − 1 ) ‖   H 3 2      ‖   ∇ c j ‖   H 3 2   ,                                                            ( 3 . 16 )


     1 2  d dt  ‖   ( u  j + 1 −  u j ) ‖   H 3 2 +  C 1    ‖ ∇   ( u  j + 1 −  u j ) ‖   H 3 2                  


                          ≤ C    ‖  u j ‖   H 3 2      ‖ ∇   ( u  j + 1 −  u j ) ‖   H 3 2 + C    ‖   ( u j −  u  j − 1 ) ‖   H 3 2        ‖   ∇ u j ‖   H 3 2


                          ≤ C    ‖  u j ‖   H 3 2      ‖ ∇   ( u  j + 1 −  u j ) ‖   H 3 2 + C    ‖   ( u j −  u  j − 1 ) ‖   H 3 2        ‖   ∇ u j ‖   H 3 2


  + C      ‖  σ j −  σ  j − 1 ‖   H 3 2 .                                    


                                               1 2  d  dt   E  (  A  j + 1 −  A j ) +  C 1    ‖   ∇ ( A  j + 1 −  A j ) ‖   H 3 2 +  C 2        ‖   ( c  j + 1 −  c j ) ‖   H 3 2 +  C 2    ‖   ( σ j −  σ  j − 1 ) ‖   H 3 2 ≤ C    ‖  A j ‖   H 3 2    ‖   ∇ ( A  j + 1 −  A j ) ‖   H 3 2 + C    ‖  A j −  A  j − 1 ‖   H 3 2        ‖   ∇ A j ‖   H 3 2 .                                                                                       ( 3 . 18 )


  [ 0 , t ]  


  ≤ t ≤  T 1


     ‖ (   A  j + 1 ( t ) −   A  j ( t ) ‖  2    H 3 + C 1   ∫ 0  t     ‖   ∇ ( A  j + 1 ( s ) −  A j ( s ) ) ‖   H 3 2 d s +   C 2   ∫ 0  t     ‖   ( c  j + 1 −  c j ) ‖   H 3 2 d s +   C 2   ∫ 0  t     ‖   ( σ  j + 1 −  σ j ) ‖   H 3 2 d s   ≤   C  ( 1 +     B 1 2 )   T 1    ‖ (   A  j ( t ) −   A  j − 1 ( t ) ‖    H  3         Sup   0 ≤ t ≤  T 1   + C     B 1 2     ∫ 0  t     ‖   ∇ ( A  j + 1 ( s ) −  A j ( s ) ) ‖   H 3 2 d s ,


   B 1   and    T  1  


  exists  


  𝜃 𝜖  ( 0 , 1 ) ,  


    ≥ 1


       ‖ (   A  j + 1 ( t ) −   A  j ( t ) ‖    H  3   ≤      Sup   0 ≤ t ≤  T 1   𝜃    ‖ (   A  j ( t ) −   A  j − 1 ( t ) ‖    H  3         Sup   0 ≤ t ≤  T 1   .


      (  A j )  j ≥ 0


  C  (  [ 0 ,  T 1 ] ;  H 3  (  ℝ 3   ) ) .  


    A = A 0 +    lim  i → ∞ ⁡    ∑  j = 0  i   (  A  j + 1 −  A j )


   (  [ 0 ,  T 1 ] ;  H 3  (  ℝ 3   ) ) ,   and   satisfies      


       ‖ A  ( t ) ‖    H  3   ≤      Sup   0 ≤ t ≤  T 1        lim  j → ∞ ⁡    i n f      ‖   A  j  ( t ) ‖    H  3   ≤   B 1 .                                Sup   0 ≤ t ≤  T 1             ( 3 . 19 )      


   [ 0 ,  T 1 ] ;  H 3 (  ℝ 3 )


  A ,   A ~


   


   [ 0 ,  T 1 ] ;  H 3


   ℝ 3


    𝜎 ~ =   𝜎 1  ( x , t ) −   𝜎 2  ( x , t )


      u ~ =   u 1  ( x , t ) −   u 2  ( x , t )


    c ~ =   c 1  ( x , t ) −   c 2  ( x , t )


   {      𝜕  t   𝜎 ~ +   w ∞ ∇ .  ( 𝛻   c ~ ) −   D  w ∆   𝜎 ~ =   − u 1 . 𝛻   c ~ −   u . ~ 𝛻   c 2 − ∇ .  (   𝜎  2   𝛻   c ~ ) − ∇ .  (   𝜎 ~ 𝛻   c 1 )     𝜕  t   u ~ − D ∆   u ~ − 𝛻   p ~ = −     u 2 ∇ ∙   u ~   −   u ~ ∇ ∙   u 1   −   𝜎 ~ 𝛻 𝜑                                                                                           𝜕  t   c ~ − 𝜀 ∆   c ~ +   w ∞   c ~ = −   u 1 ∇ ∙   c ~   −   u . ~ ∇   c 2 −     𝜎 ~   c 2 −   𝜎 1   c ~ .                                           ( 3 . 20 )        


    𝜎 ~


   ℝ 3


                                                ∫   ℝ 3    𝜎 ~   𝜕  t   𝜎 ~ d x


    w ∞   ∫   ℝ 3    𝜎 ~   ∇ .  ( 𝛻   c ~ ) d x −   D  w   ∫   ℝ 3    𝜎 ~ ∆   𝜎 ~ d x


                          = −   ∫   ℝ 3    𝜎 ~ ∇ .  (   𝜎 ~ ∇   c 1 ) d x −   ∫   ℝ 3    𝜎 ~ ∇ .  (   𝜎 2 ∇   c ~ ) d x


                          −   ∫   ℝ 3    𝜎 ~     ( u 1 . 𝛻   c ~   ) d x −   ∫   ℝ 3    𝜎 ~   (   u ~ . 𝛻   c 2 ) d x .


    d  2   d t    ‖   𝜎 ~ ‖    L 2 2 +   w ∞    ‖   𝜎 ~ ‖    L 2 2   +   D  w  ‖ ∇   𝜎 ~ ‖    L 2 2 ≤     C    ‖   ∇ c 1 ‖    L ∞   ∫   ℝ 3   (    |   𝜎 ~ | 2 +    | ∇   𝜎 ~ | 2 ) d x       +     C    ‖   𝜎 2 ‖    L ∞   ∫   ℝ 3   (      | ∇   𝜎 ~ | 2 +    | ∇   c ~ | 2 ) d x +     C    ‖   u 1 ‖    L ∞   ∫   ℝ 3    (  |   𝜎 ~ | 2 +    | ∇   c ~ | 2 ) d x  


                                      + C    ‖ ∇   c 2 ‖    L ∞   ∫   ℝ 3   (      |   𝜎 ~ | 2 +    |   u ~ | 2 ) d x   .


    u ~


    ∫   ℝ 3    u ~   𝜕  t   u ~ d x −   ∫   ℝ 3    u ~ ∆   u ~ d x −   ∫   ℝ 3    u ~ 𝛻   p ~ d x =


  −   ∫   ℝ 3    u ~ .  (     u ~ 𝛻 ∙   u 1 ) d x −   ∫   ℝ 3    u ~   .  (   u 2 𝛻 ∙   u ~ ) d x −   ∫   ℝ 3    u ~ .  (   𝜎 ~ ∇ 𝜑 ) d x .


          d  2   d t    ‖   u ~ ‖    L 2 2 + D    ‖ ∇   u ~ ‖    L 2 2 ≤ C    ‖   ∇ ∙ u 1 ‖    L ∞    ‖   u ~ ‖    L 2 2


    C  ‖   u 2 ‖    L ∞ (    ‖   u ~ ‖    L 2 2


     ‖ 𝛻 .   u ~ ‖    L 2 2 ) + C    ‖ ∇ 𝜑 ‖    L ∞  (    ‖   u ~ ‖    L 2 2 +    ‖   𝜎 ~ ‖    L 2 2 ) .


    L ∞


    𝜎  i


    u  i ,


    c  i  


    d  2   d t    ‖   u ~ ‖    L 2 2 +  C 1    ‖ ∇   u ~ ‖    L 2 2 ≤ C    ‖   𝜎 ~ ‖    L 2 2 + C    ‖   u ~ ‖    L 2 2 .                                                            


    c ~


    d  2   d t    ‖   c ~ ‖    L 2 2 +  C 1    ‖ ∇   c ~ ‖    L 2 2 +  C 2    ‖   c ~ ‖    L 2 2 ≤ C  (    ‖   c ~ ‖    L 2 2 +    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 ) .                                                        ( 3 . 23 )


                                                d  2   d t  (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 ) +  C 2  (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 ) +       C 1  (    ‖ ∇   𝜎 ~ ‖    L 2 2   +  ‖ ∇   u ~ ‖    L 2 2 +    ‖ ∇   c ~ ‖    L 2 2 )                  


                                        ≤ C  (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 ) .                                                                 ( 3 . 24 )    


      (    ‖   𝜎 ~ ‖    L 2 2 +    ‖   u ~ ‖    L 2 2 +    ‖   c ~ ‖    L 2 2 )      S u p   0 ≤ t ≤   T 1   ≤   e  c   T 1   (    ‖   𝜎 ~  ( 0 ) ‖    L 2 2 +    ‖   u ~  ( 0 ) ‖    L 2 2 +    ‖   c ~  ( 0 ) ‖    L 2 2 ) .


    𝜎 ~  


    u ~  


    c ~  

